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Chapter 1

The unitary dual of a real
split semi-simple Lie group

1.1 The Unitarity Problem

Let G be the set of real points of a linear connected reductive group. We denote
by:

- g: the Lie algebra of G
- gc: the complexification of g

@: a Cartan involution

- g=*8t+p: the corresponding Cartan decomposition of g
- K: the maximal compact subgroup of G with Lie algebra ¢.

A representation (7, H) of G on a Hilbert space is called unitary if H admits a
G-invariant positive definite inner product.

PROBLEM: Classify all irreducible unitary representations of G, up to
unitary equivalence.

By results of Harish-Chandra, this is equivalent to classifying all the unitary
admissible representations of G, up to infinitesimal equivalence. We split this
problem in three parts:

1. Describe all the irreducible admissible representations of GG, up to infini-
tesimal equivalence

2. Understand which irreducible admissible representations of G are Her-
mitian, i.e. have a non-degenerate invariant Hermitian form

4



1.1. THE UNITARITY PROBLEM 5

3. Understand which Hermitian irreducible admissible representations are
unitary, i.e. decide whether the non-degenerate invariant Hermitian form
is positive definite.

1.1.1 Irreducible admissible representations
We need to introduce more notations:
- P=MAN: a parabolic subgroup of G
- a: the Lie algebra of A
- ac: its complexification
- (8, Vs): an irreducible tempered unitary representation of M

- v € ap: a linear functional with real part in the open positive Weyl
chamber

- Xp(0 ®v): the principal series with parameters (P, , v)
- Xp(6®v): the unique Langlands quotient of Xp(§ @ v).

A brief recall: The principal series Xp(d ® v) is obtained by inducing the rep-
resentation 6 ® v from P to G. It is defined as the representation of G by left
translation on the space of functions:

My, = {F: G — V°: Resg(F) € L*(K, V°) and

F(gman) = e~ P18 5m)~ 1 F(g), Yman € P = MAN, Vg € G}.

When R(v) is strictly dominant, the principal series Xp(d ® v) has a unique
irreducible quotient, that we denote by X p(0®v). It is the quotient of X p(d®@v)
by the Kernel of the intertwining operator

A(P,P,6,v) : Xp(d,v) — X5(6,v)

(P is the opposite parabolic). More details are given in chapter D.

Classification

The classification of the irreducible admissible representations of G was given
by Langlands in the early 1970s:

e Every irreducible admissible representation of G is infinitesimally equiva-
lent to a Langlands quotient X p(d ® v).

e Two Langlands quotients X p(§ ® v) and X p/(8' ® v/') are infinitesimally
equivalent if and only if there exists an element w of K such that

wPw =P w6, w-v=r.
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1.1.2 Irreducible Hermitian admissible representations

Every irreducible Hermitian admissible representation of G is infinitesimally
equivalent to a Hermitian Langlands quotient.

In 1976, Knapp and Zuckerman have proved that X p(§ ® v) admits a non-
degenerate invariant Hermitian form if and only if there exists w € K
satisfying

wPwt=p w-0~0 w-v=—D.
This condition follows from the facts that

e Xp(6®@v) is Hermitian if and only if it is infinitesimally equivalent to its
Hermitian dual

e the Hermitian dual of X p(§ ® v) is X p(§ ® —7).

1.1.3 Unitary irreducible admissible representations

Every unitary irreducible admissible representation of G is infinitesimally equiv-
alent to a unitary Langlands quotient.

Knapp and Zuckerman have proved that every non-degenerate invariant Her-
mitian form on X p(d®v) is a real multiple of the form induced by the Hermitian
operator

B=6w)oR(w)oA(P:P:6:v)

from Xp(0®@v) to Xp(d®—v). So X p(§ @) is unitary if and only if the form
induced by B is positive semidefinite.

Remark 1. The unitarity problem is reduced to the analytic problem of com-
puting the signature of the Hermitian operator B.

1.2 The signature of the Hermitian operator B
We assume the existence of an element w of K satisfying’

wPw™'=P w-6~9 w-v=-—-U
and we discuss the signature of the Hermitian operator

B: Xp(d®@v) — Xp(d @ —0).

This is a very hard problem. The first reduction consists of computing the
signature separately on each K-type appearing in the principal series.

IThis is a necessary condition for the unitarity of the Langlands quotient X p (6 ® v/).
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Reduction to a K-type by K-type calculation...
For every K-type (u, E,,), consider the Hermitian operator

R, (w, v): Homg(E,, Xp(d ® v)) — Homg (E,, Xp(d ® —7))
defined by applying B to the range. By Frobenius reciprocity:
R, (w, v): Homynk (Ey |vnk, Vo) — Hompynx (B |Mnks Vo).
If P is a minimal parabolic subgroup, then M N K = M, so we can write
R, (w, v): Homps(E,, |ar, V®) — Homp (E, |ar, V°).

Remark 2. In order to solve the unitarity problem, we need to construct the
operator Ru(w, v) for every K-type p appearing in the principal series.

This is still a complicated issue. Therefore, we make some additional assump-
tions:

- G is split?, in particular SL(n,R), Sp(2n,R), SO(n,n), Fy, Es, FEr, Eg
- P=MAN is a minimal parabolic subgroup of G
- v is a real character of A.

Then, a rank-one reduction is possible.

A rank-one reduction. ..

If P is a minimal parabolic, we can regard w as an element of W := Nk (a)/M.
The operator R, (w, ) decomposes into a product of factors according to the de-
composition of w into a product of simple reflections (as in Gindikin-Karpelevic).
These factors are induced from the corresponding intertwining operators on the
root-SL(2,R)’s.

Root SL(2)’s

For each o € A(g, a), choose a map 9, : s[(2,R) — g which commutes with 6,

and satisfies 01 -
wlfy o)) =B ) Oy =E

where FE., are the root vectors, and 6(FE,) = —E_,. Then 1, determines a
map

U, : SL(2,R) - G

with image G%, a connected group with Lie algebra isomorphic to sl(2,R).

Denote by

O = \I'a( {_01 (1)} ), Mg = Ui,

2@ is split if and only if the centralizer of a in € is trivial.
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and let Z, . =F,— FE_, € &

The element Z, generates a Lie algebra £* isomorphic to so0(2). The group
K® = exp(t*) is isomorphic to SO(2). We will refer to K% as the SO(2)-
subgroup attached to a.

1.2.1 The Gindikin-Karpelevic decomposition of R,(w, )
We describe the main steps:

1. Take a minimal decomposition of w as a product of simple reflections?

W= Sq, " SasSay

2. Decompose the operator A(P, P,§,v) accordingly:
A(P,P,5,v) = A(80,)A(5a,_,)  A(Sa, )-
For all j =1...r we have set:
A(sa,) = AP, P11 6771 077 Xpioa (67710771 — Xps (67,07)

with? )
pitt = (Saj—l T 5a23a1)P(804j—1 T 504230‘1)_1

67—1 — (Soc]‘71 e SOQSOél) . 5

I/j71 — (Saj71 e S(xgsal) - .

3. When s, is a simple reflection, interpret the Hermitian operator Ap(sy)
as an intertwining operator for the rank-one subgroup MG, and compute
the corresponding operator R, (s,). Then

Ru(w, v) = R(Sa,)R(5a,_,) R(sa;)-

4. Using the results already known for SL(2, R), compute the various oper-
ators R(sq).”

Remark 3. R, (w, v) can be decomposed as a product of operators corresponding
to simple reflections s, and for these operators an explicit formula exists. This
formula depends on the decomposition of E, in irreducible K“-types.
Because the decomposition changes with «, it is very hard to keep track of the
different decompositions when you multiply the various rank-one operators to
obtain R, (w, v).

To solve the unitarity problem we need a formula to compute R(s,) which
is independent of the decomposition of E,, in K“-types. When the K-type is
petite such a formula exists.

Definition. A K-type is called petite, if n(iZ,) = 0,+1, £2, +3.

3Such a decomposition is called minimal if w has length r.
Forj=1,set PO =P, 5% =6, 10 =v.
5Details are given in the next chapters.



Chapter 2

The spherical unitary dual

2.1 Spherical representations

We assume that

G is split

- P = MAN is a minimal parabolic subgroup of G

¢ is the trivial representation of M

- v is a strictly dominant real character of A
and we discuss the unitarity of the Langlands quotient X p(§ @ v).
For every K-type u, we have an intertwining operator
R, (w, v): Homp(E,, |ar, V®) — Homp (E, |ar, V°).

Because § is trivial, we can regard Ry, (w, v) as an operator on (E%)™. There is
a natural representation of the Weyl group on this space, defined by

([o] - T)(v) = T(u(o™") - v), (2.1)

and when 4 is petite, the operator R, (w, ) depends only on this W-representation.

2.1.1 The operator R,(w, v)

Decompose R, (w, v) in operators corresponding to simple reflections, as in
(1.2.1). We need to describe the action of each factor!

R#(Sa,’y): HOm]y](E# |JV[, Vé) = (E;)M — HOIIIIW(EW’u |]\/j, VSO"(;:(S) = (E;)M

'R, (w, v) acts on (E;;)M, and so does every factor Ry (sa,).

9



10 CHAPTER 2. THE SPHERICAL UNITARY DUAL

For this purpose, consider the decomposition of p in isotypic components of
characters of the SO(2)-subgroup K attached to a:

=P e

jEZ
and write
(E;)™ = @D Homs (¢2n + ¢-2n, V°)
neN
for the decomposition of (E%)™ in M K®-invariant subspaces.
The operator R, (sa,7) preserves this decomposition?, and acts on each M K-
invariant subspace by a scalar:

Homps(¢o, F5)  Homps(¢p2 + ¢—2,Fs)  Hom(¢a + ¢p—4, F5)

. ® L ® -
SRu(sa, ) : \1 JdQ {dzl Jdﬁ
° ° ® ® -

Homps(¢o, F5)  Homps(¢2 + ¢—2,F5)  Homps(da + ¢—a, Fs)

We have normalized the operator so that it takes the value 1 on a fine K-
type.® SL(2)-calculations show that:

I (2 -1 = (A V)

b = o @ D) 5 %, Va))

for every n > 1.

Remark 4. It is clear from the picture that the operator R, (sqa,7y) depends on
the decomposition of (E:;)M m M K*-invariant subspaces.

2.1.2 When pu is petite. ..
If 1 is a petite K-type, the space (E;)M reduces to

(E5)™ = Homps(¢o, V°) ® Homypy (¢—o + dya, V7). (2.2)
We also notice that

Homs(¢o, V) = the (41)-eigenspace of s,
Homps(¢—o + @42, V) = the (—1)-eigenspace of s,

in the representation of W on (E:)M defined in (2.1). So we get:

2Because it is induced by the corresponding intertwining operator for MG®

T
3The constant D = §+§A> P
oA—1r1 2fL p %

is real and positive.



2.2. RELEVANT K-TYPES 11

pa
AN

+1 on the (+1)-eigenspace of s,
Ru(s(u FY): 1—(v, &)
1+ (v, &)

Hom s (¢o, Fs)  Homps(d2 + ¢p—2, Fs) %M%—% Fy)
° ° ° o

[ @ L
Homps(¢o, F5)  Homps(d2 + ¢p—2, Fs) HOHIM% ¢-a, V5

ol=

on the (—1)-eigenspace of sq

oy

f f
+1 eigenspace —1 eigenspace
of sa of sa-

Remark 5. When p is petite, each operator R, (S, ¥) can be entirely defined
in terms of the representation of the Weyl group on the space of M -fized vectors.
This makes things much simpler, because there is no need to know the decom-
position of u in irreducible representations of K* ~ SO(2).

2.2 Relevant K-types

When f is a petite K-type, the formula for the operator R, (w, ) coincides with
the formula for the similar operator for a split p-adic group.

To be more precise, results of Barbasch-Moy reduce the problem of the deter-
mination of the Iwahori spherical dual of split p-adic group to the problem of
determining the unitary dual of finite dimensional representations of the cor-
responding affine graded Hecke algebra. In this case, for each representation
7 € W, there is an operator R.(w,~) with the same formula as the one for the
real case. A spherical representation X (1) is unitary if and only if R, is positive
definite for all 7.

Work of Barbasch for the classical groups, Ciubotaru for Fjy, and Barbasch-
Ciubotaru for Eg, E7, and FEg, determine a set of W-representations, called
relevant with the property that a spherical module X (v) is unitary, if and only
if R.(w,v) is positive semidefinite for 7 in the relevant set.

PROBLEM:* Find a set of petite K-types so that the (E;)M realize all the
relevant W-representations. Call these “the relevant K-types”.

4This problem has been solved by Dan Barbasch.
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If we can solve this problem, then we get powerful necessary conditions for
unitarity in the real case: X (triv.®@v) is unitary only if R,(w,v) is positive
semidefinite for u in the relevant set.

Conjecturally the spherical unitary dual for a split reductive group should be
independent of whether the field is real or p-adic. The conjecture is true for the

classical groups, so for classical groups, X (triv. ®v) is unitary if and only
if R,(w,v) is positive semidefinite for p in the relevant set.

Next, we list the relevant W-types. For a list of the corresponding relevant
K-types, see Barbasch’s paper “Relevant and Petite K-types”.

Classical groups

For type A,_1 , we have G = SL(n), K = SO(n) and W = S,,.
The Weyl group representations are parameterized by partitions of n. The
relevant W-types correspond to partitions in at most two parts:

(n—k,k).

For types By, and C,, the Weyl group W consists of permutations and sign
changes of of the coordinates of R™, and the relevant W-types are

(n—k, k) x (0), (n—k) x (k).

Similarly for Dy,.

Exceptional Groups

The relevant W representations are

Fy 1y, 23, 81, 42, 91,
Es 1, 6,, 20,, 30,, 15,
Br 1a, 7., 274, 56., 21}, 35,, 105,

Es 1, 8., 35,, 505, 84,, 112., 400,, 3005, 210,.

The notation is as in Kondo’s and Frame’s work.



Chapter 3

Non-spherical
representations

3.1 What goes wrong?

We assume that
- G is split
- P= MAN is a minimal parabolic subgroup of G
- v is a strictly dominant real character of A

and we discuss the unitarity of the Langlands quotient X p(§ ® /), when ¢ is a
non-trivial representation of M.

If we try to apply the same machinery used in the spherical case, we meet
two obstacles:

1. The Hermitian operator R,,(w, ) acts on the space Homs(E |, V?), and

when ¢ is non-trivial this space does mot carry a representation of the

Weyl group. Hence, we can no longer describe the intertwining
operators on petite K-types in terms of representations of W.

2. In the classical case, the factorization of R, (w,v) as a product of operators
corresponding to simple reflections is “easy” to carry out, at least for petite
K-types, because there exists a very explicit formula for each factor:

e Every R, (Sq,7) is an endomorphism of Homp (E |, V?°)
o R, (Sa,7) preserves the decomposition of Homy,(E |, V%) in MK*-

invariant subspaces?

Homy (E |, V?) = @D Homps (¢ + ¢—n, V°)
neN

I =
We assume p [ga=, cz dn-

13



14 CHAPTER 3. NON-SPHERICAL REPRESENTATIONS

e R,(sa,7) acts on each Homp (¢, + ¢—y, V°) by a scalar.

The very starting starting point of this construction fails in the non-
spherical case: sometimes, when ¢ is non-trivial, R,(sq,7) is not
an endomorphism of Hom (E |,,V?).?

Overcoming the first obstacle. ..

In order to overcome the first obstacle, we introduce two important subgroups
of W: the stabilizer of §, W?, and the Weyl group of the good co-roots, wP.
Ng(a) M’

= £~ on M, given

There is a natural action of the Weyl group W = 0] i

by:

([o] - 8)(m) = §(oc~  mo)

foralloe M, 6 € M and me M.
Fix an irreducible representation § of M. The stabilizer of § in W is the set of
all Weyl group elements that stabilize the equivalence class of §:

Sty () =W ={weW:w-§~5}3

Next, we define WJ. For every root 3, mg = O’% is a central element of M of
order two, so 6(mg) is equal to plus or minus the identity. A root 3 in A(g,a)
is called a good root for ¢ if 6(mg) = +Id. The set of good co-roots

VA5 = {8 € VA: 5(m/3) = +Id}

forms a root system. We define W} to be the Weyl group of ¥ As.
It is a normal subgroup of W?, and the quotient

W6

Ry=
9 W(g)

is called “the R-group of §”. When G is split, Ry is either {1}, or Zs or Zs X Zs.

More details on W and W¢ can be found in chapter A. Chapter B contains
many examples, and chapter C describes Rs as a subgroup of the Dynkin dia-
gram R-group.

The role played by the Weyl group of the good co-roots in the study of non-
spherical representations is analogous to the one played by the Weyl group in
the study of spherical representations. Indeed, the group W} acts on the space
Homy;(E,, V?)

@L[U] T =Topu(c™") (3.1)

2More precisely, R, (s«,~) is an endomorphism of Hom s (E |, V%) only is the reflection
sa belongs to the stabilizer of §.
31If G is a classical group, then M is abelian and w € W% < w -8 = 6.
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and sometimes the construction of the operator R, (w, v) depends only on this
representation.

For spherical representations, this happens exactly when the K-type u is petite
(of level at most 3). For non-spherical representations there are stricter con-
ditions. If the decomposition of w into simple reflections (of W) involves only
elements in the stabilizer of §, then it is enough to assume that p is petite of
level at most 2, and that w lies in WJ. 4

3.2 The operator R,(s.,7)
The operator
R (54, 7v): Homp(E,, V°) — Homp (E,, V)

is an endomorphism of Homs(E,,, V?) if and only if s, stabilizes 6. To describe
its action on Homp (E,,, V?), we need to know whether the root « is good or
bad for 4.

When « is a good root, the operator R, (sq, ) behaves just like in the spherical
case: it is an endomorphism of

Hom (E, |, Vo) = @HOIHM(d)Qn + o, V°)
neN

and acts on each of these M K“-invariant subspaces by a scalar:

Hompy(¢o,V®)  Homp(¢z + ¢—2,V®)  Hom(pa + ¢—4,V?)

Ru(Sa, ) : Ddy Dds Dd, Ddg

‘ e ’ . ......
Homps(¢0, V®)  Homps(d2 + ¢—2,V°®)  Homps(¢a + ¢—a,V9)

‘We have set:

dop =1 and
(25— 1) = (N V)

Ton = (@7 1) OV, Va)

4In general, we need some extra conditions that guarantee the existence of a matching
between the intertwining operator R, (w, v) for G and the intertwining operator R, (w, v) for
the split group associated to Ag. These operators may be different, because if you regard w
as an element of W{?, then you obtain a different minimal decomposition for w, and of course
a different Gindikin-Karpelevic decomposition for Ry, (w, nu).
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for all n > 1.

When « is a bad root, the reflection s, does not necessarily stabilize 4.
Hence the domain and codomain of the operator

R, (54, 7v): Homys(E,, V%) — Homp (E,, Vi)

may be different.

The decomposition of both Homy(E,, V%) and Homy,(E,, V) in MK°-
invariant subspaces involves only odd characters. The operator R, (Sq, ) pre-
serves this decomposition, and carries

Hom s (dans1 + ¢—2n—1, V°) — Homps(¢p2ns1 + ¢—2n_1, V0)

for every n > 0. If T belongs to Homps(¢oni1 + ¢—o2n_1, V?), its image via
R, (sqa, 7) is the mapping

bont1+ Gon1 — VO (vy + v ) D'dayiy T(vy — v). (3.2)
The operator
Uy : Homyy (Ey, V°) — Homyy (B, Vo), S — Sop(oy?)
has a similar effect: if T in Hom s (¢opt1 + d—2n-1, V‘s), then
U, T(vy + vo) = —i(-1)"T(vy — v_).
So we can write

RM(SQ7 ’7) |H0m]u(¢2n+1+d)72n71,v‘s): Z(_l)nD/d2n+1\I]a = (_1)"(2D/)d2n+1u(0;1)

Homps(¢1 + ¢—1,V?)  Homps(ds + ¢—3,V®)  Hom(ps + d—5,V?)

° ° ° ® -
Rultern) \ +dip(oa") J —dzp(os ") \ +dsp(os ") J —drp(os ")
° . ° °

Homps(¢1 +¢-1,V®)  Homp(¢s + ¢-3,V®)  Homps(¢s + ¢—5,V9)

We have set:

dl = 1, and

for all n > 1.
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3.3 K-types of level two

Suppose that the decomposition of w into simple reflections involves only ele-
ments in the stabilizer of §, and assume that p is a petite K-types of level at
most two. Then the intertwining operator

R, (w, v): Homps(E,, V6) — Homys (E,, V‘S)

depends only on the representation® Uk of W3 on Hom; (E,, V?). Each factor

R, (sqa, ) of the intertwining operator can be constructed in terms of @7, and
this construction is independent of the decomposition of y in isotypic compo-
nents of K*-types. We now give the details.

The restriction of p to the K only includes the characters 0, £1, £2. Hence

o5, ) < {0 V1) 0 V)t
Let’s first look at the case in which « is a good root. Because
Hom;(¢g, V) = the (+1)-eigenspace of \i/vl‘(sa)
Hom  (¢—s + ¢4a, V°) = the (—1)-eigenspace of WH(s,)

we obtain the following picture:

Hom s (¢o, V?) HomM(¢z+¢_2,v6)/a4M(¢74b_4,v5)
° ® ® ® -

R, { jz;
[ L 4
Homp (o, V®)  Homps(¢2 + ¢—2,V?)
fr f
+1 eigenspace —1 eigenspace
of W (sy) of W (sy).

Just like in the spherical case, we can write:

D on the (+1)-cigenspace of UH(sy)
RH(Sa7 ’7) = 1—{y,Ya) EREW . T
Dirp~ay onthe (—1)-eigenspace of WH(s,).

5We recall the definition of -
Wojo] T =Topulc™ ")
for all T in Hom s (E,, V?), and all [o] in W?¢.
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Now assume that « is bad. It is clear from the picture

Homps(¢1 + ¢—1,V®)  Hompu(¢s + ¢_g, V) /Hom( 5+¢/4;)
. ‘ . ......

Hulaett l+dm(a;1> jdw(a‘) {+d5 ) fi(oa)

@ L 4 L
Homps(¢1 + ¢—1,V?%)  Homps(d3 + ¢45,V?) HOWE) y—/& Ve

that the operator R, (sq, ) simply acts as a multiple of UH(s4):

Ry (50, 7) = (=iD)W#(s4).

3.4 A very special case

Suppose that the decomposition of w into simple reflections involves only good
roots. This is a very special case, it happens for instance when ¢ is a genuine
representation of M and G is the double cover of Eg or Eg.°

If 11 is a petite K-type’, we can define the intertwining operator R, (w, v) in
terms of the representation Uk of WO on Homy, (E,,V?). Actually, since only

good roots are involved, we only need to know the restriction of ¥# to the the
Weyl group of the good co-roots, Wg.

Because the set of group co-roots forms a root system, there is a real split
group attached to it, say G.8 Let K be the corresponding maximal compact
subgroup and let © be the representation of K with the property that W(g acts

on the space of M-fixed vectors in © exactly by ¥# = r |W§):

repr. of W2 on repr. of W on

Homy, (E,,V?) Hom y; (Eg, Virivial)

The intertwining operators R, (w,v) for G, and Reg(w,v) for G have the same
Gindikin-Karpelevic decomposition. All the factors agree, because they only
depend on ¥*, so the full intertwining operators also coincide.

6Because W = W4 = Wg, every simple root is good.
“In this case, p is allowed to have level three.
8In general, G is not a subgroup of G.
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Now consider the p-adic split group attached to YAy, and call it H. For spheri-
cal principal series, the intertwining operator on petite K-types is independent
on the field, so the operator Re(w,v) for G coincides with the p-adic operator
Ry for H. Tt follows that the operator R, (w,v) for G also coincides with Ry.

The unitarity of a spherical principal series of H can be detected by look-
ing at the signature of the operator R,, for every relevant representation 7
of W(H) = W?. If we try to match relevant WY-representations with petite
K-types of G containing J, two possibilities can occur:

1. For every relevant W{-type 7 there is a petite K-types of G such that
Homs (E,, V%) = 7, as W{-representation

2. There is a relevant W{-type 7 that never appears.

Let us discuss the two options separately.

If the matching is complete, we can write:

X (triv. ® v) is not unitary for H
I

’ R, is not positive semi-definite, for some relevant 7 ‘

4

’Ru (w,v) is not positive semi-definite, for some p ‘

I
’X((S ® v) is not unitary for G‘

Equivalently,

’X((S ® v) is unitary for G‘
I
’R#(w, v) is positive semi-definite, for all p ‘

¢

’ R, is positive semi-definite, for all relevant 7 ‘

¢
X (triv. ® v) is unitary for H

If the matching is not complete, then it could happen that the non-spherical
principal series X (§ ® v) for G is unitary, even if the spherical principal series
X (triv. ® v) for H is not unitary. Indeed, the unitarity of X (triv. ® v) might
be ruled out exactly by the W(?—type that we are unable to match.

Remark 6. When G is a classical group, the previous considerations apply also
if we replace H by G.
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3.5 Generalization. ..

It would be nice to generalize the arguments of the previous section to the case
in which W # W.

Suppose that p is a petite K-type and that w lies in the Weyl group of the
good co-roots. If WéO is not the entire Weyl group, it is very likely that the
decomposition of w in simple reflections in W is different from the minimal de-
composition of w as an element of Wy.

Therefore, even if Homy,(E,, V%) = 7 as W{-representations, we cannot expect
the operator R,,(w,v) for G to coincide with the p-adic operator R, (v) for H.°

In order to generalize the argument described in the previous section, we need
the following conditions to be satisfied:

1. For each relevant WP-type 7, there is a petite K-type u such that the
representation of W9 on Hom(E,, V°) equals 7.

2. For each pair (p,7) as above, the intertwining operators R, (w,v) for G
and R;(v) for H coincide. This means that if

W= 53,58, """ 54,
is the minimal decomposition of w as an element of W50 , and

W =S,185,1°+S41 S§,25,2" 842 *SarSar " Sar
aj oy gy Tayoas g ay ooy ay

581 382 SBr

is the minimal decomposition of w as an element of W, then you want the
“piece” of R,(w,v) corresponding to SadSal """ Sad to match with “the
%

piece” of R.(v) corresponding to 3;.1°

9The two operators have different Gindikin-Karpelevic decompositions. Only the factors
that correspond to simple good reflections agree.

10Recall that RT(ng,vj) acts by 1 on the (+1)-eigenspace of sg, in T, and to act by
1=(Y85,7;)

TV ;) On the (—1)-eigenspace.



Appendix A

Good and Bad Roots

A.1 Preliminary remarks
Because G is split, every restricted root (3 is reduced and every root space gg is

one-dimensional.
Choose a non-zero element Ejg of gg that satisfies the normalizing condition!

B(Eg, 0(Eg)) = —ﬁ

with B the Killing form. Then Ej3 spans gg, and 6(E3) spans g_g.
Denote by Hg the unique element of a corresponding to 3 via the pairing

a——a*, H+—— B(H,")
so that B(H, Hg) = §(H) for all H in a. The Lie algebra
RHj © g3 © g-p = Spang (Hp, E, 0(Ej))

is isomorphic to sl(2, R). An explicit isomorphism is given by:

1 0 )
(0 _1> — s
0 1
(00) — =
0 0
(00) —

IThis condition determines Eg up to a sign.

21
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The element Zz = Eg + 0(E3) is fixed by 0 (hence it belongs to € = Lie(K))
and it generates a subalgebra isomorphic to s0(2). Set:?

0g = exp (EZ5>
2
mg = 0[23 = exp(mZg).
Then

e 03 belongs to the normalizer of a in K (= Ng(a) = M') and it acts on a*
as the root reflection through

e mg belongs to the centralizer of a in K (= Zg(a) = M) and has order
two.

Lemma 1. Let 5(m) = +1 denote the scalar by which an element m of M acts
on the root vector Fg.Then

(@) B(m) = (=F)(m)
(b) Ad(m)Zs = B(m)Zs

(¢) mogm=! = Ug(m)

mif B(m)=+1
(d) O'/@’ITLO‘EI =
mgm if B(m) = —1.
Proof. We first show that M acts on the vector E3 by a scalar. Since the root

space gg is one-dimensional, it is enough to show that Ad(m)Eg belongs to gg,
for all m in M. This is easy, because

[H, Ad(m)Es] = Ad(m)[Ad(m~")H, Es] = Ad(m)[H, ] = A(H) Ad(m)Ej

for all H in a.
For m in M, define 3(m) by the equation Ad(m)Eg = §(m)Eg. Because Ad(m)
commutes with the Cartan involution®, we get

Ad(m)E_s = Ad(m)(~8(Ej)) = ~6(Ad(m)Es) = B(m)E_g

proving that (—3)(m) = B(m), for all m.
Next, we show that the function m — (m) only takes the values +1 on M, i.e.
B(m)? = 1. Let m be any element of M, then

B(Eg, 0(Eg)) = B(Ad(m)Eg, Ad(m)(0(Ep))) = B(m)*B(Eg, 0(Eg)).

205 is defined only up to inverse, but the action of the operator Ad(og) on a is completely
determined.

3Let © be the global Cartan involution. Being © an involutive automorphism of G which
fixes K (hence M), we have

mam ™! = O(mO(z)m™1) Vz € G and m € M.

Differentiating at = 1 we find that Ad(m) = 6 Ad(m)#, for all m in M. The results follows
from the fact that also 6 is an involution.
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The scalar B(Eg, 0(E3)) = —W is non-zero, so the claim follows.
Part (b) is trivial:
Ad(m)Zg = Ad(m)(Eg — E,ﬁ) = ﬁ(m)Eg — (—ﬁ)(m)E,ﬁ = ﬁ(m)Zﬁ.
By exponentiating, we find:
m exp(tZz) m~" = exp(t Ad(m)Zg) = exp(tB(m)Zs) = exp(tZs)°™.
In particular, for ¢t = 7, we get:

mggm_1 = ag(m)

which is the claim in part (¢). Finally,

m if B(m)=+1

B(m)

! m=ogog " 'm=

opgmoy = og(mogm ™)~

mgm if f(m) = —1.
The proof of the lemma is now complete. O

Along the lines we have shown that @(m) = £1 for every m in M. When
m = mg = exp(rZ,) for some root a, we can be more specific:*

Blma) = (~1) 1= @7 = (1)), (A1)

A.2 The action of W on M

In this section we define an action of the Weyl group

Nk(a) M

W= WG A) = 8=

on the set of equivalence classes of irreducible representations of M. The first
step is to define an action of M’ = Nk (a) on M.
Foroe M', 6 € M and m € M, set:

(o-6)(m) = 6(c 'mo). (A.2)
It is easy to check that
e 0 -9 is a well defined representation of M

e o -0 is irreducible, because § is such

e (0109)-0=071-(02-9) foralloy,ooin M jand1-6=9§

4The proof of this formula uses some standard results from the representation theory of
SL(2,C) and the fact that, because G is split, every restricted root is the restriction to a of
one (and only one) root in A(g§, af).
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oo -0~c-0 iff~¥¢.

Therefore equation (A.2) gives a well defined action of M’ on M. Next we
observe that the group M acts trivially: if m; belongs to M then

(my - 8)(m) = §(my 'mmy) = 6(m1) 15 (m)d(my) (A.3)

for all m in M, so (m; - §) is equivalent to §.°
It follows that the action of M’ on M descends to an action of W = M’/M on
the same space. If w belongs to W and o is any representative of w in M’, then

(w-0)(m) = §(c " mo). (A.4)

One final remark. If G is semisimple (hence connected), the Weyl group W =
W(G,A) = M'/M coincides with the Weyl group of the restricted root system
A(g,a). We should therefore clarify what we mean by a representative of an
element 7 of W(A(g, a)) inside M.

If 7: a* — a* belongs to W(A(g,a)) and o belongs to M’, we say that o
represents 7 if the restriction to a of the adjoint map

Ad(o):a—a
coincides with the dual map to 7. Namely
(7-T)(H) =T(Ad(c™)H)

for all H in a and T in a*.

A.3 The stabilizer of § in W

Fix an irreducible representation § of M. The stabilizer of § in W consists of
all the elements of the Weyl group that stabilize the equivalence class of § (with
respect to the action of W on M defined above):

Stw () =W ={weW:w-§~d}.

When M is abelian, every irreducible representation of M is one-dimensional
and we can say that
weW’ & w-d=04.

It’s easy to check that W9 is a subgroup of W, and its index equals the cardi-
nality of the W-orbit of the equivalence class of §.

How do we check whether a Weyl group element w belongs the stabilizer of §7
Let us consider the case in which w is a root reflection.

If w=sg = [op] then

(w- 8)(m) = 8(05 " mog) = 8(05  (mogm™)m) = 6(o; 0™ m) =

5Equation (A.3) exhibits §(m1) as an intertwining operator between § and (mq - §).
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S(m) it Blm) = +1

d(mg)o(m) if B(m) = —1.

This shows, in particular, that W contains sg for every (8 such that 6(mg) =
1. These reflections generate a very special subgroup of W?¢, that will discuss
shortly.

Remark. For every root (3, the map 6(mg) is either plus or minus the identity.

Proof. Because mg has order two, §(mgs)? is equal to the identity. So, in order
to conclude that §(mg) = £Id, it is enough to prove that d(mg) is a scalar.
This result will follow by Shur’s lemma® once we show that d(mg) is a self-
intertwining operator for §. By lemma (1),

mgmmgl = Ug(algmogl)ogl = aﬁmagl =m
for all m in M such that S(m) = +1. Similarly, if 3(m) = —1, then
-1 -1y -1 _ -1 _
mgmmg- = og(ogmoy )o; = og(mgm)oy =

= mg(oﬁmagl) = mg(mgm) = m.

This shows that every mg is central in M, so §(mg) is central in 6(M). O

A.4 The set of good co-roots

Let § be an irreducible representation of M. A root §in A(g, a) is called a good
root for § if 6(mg) = +Id.

Definition. The set
VA5 ={B€YA: §(mg) = +Id}
is called the set of good co-roots.

It follows from previous considerations that the stabilizer of § contains the
reflections through good roots.
The main properties of YA are described in the following lemma.

Lemma 2. Let § be an irreducible representation of M. Then
(a) VAs is a root system
(b) If the sum of two good co-roots is a co-root, then it is a good co-root.

(¢) If the sum of two bad co-roots is a co-root, then it is a good co-root.

SBecause M is finite, the irreducible representation ¢ is also finite-dimensional.



26 APPENDIX A. GOOD AND BAD ROOTS
Proof. Because VAj; is included in VA, we only need to prove that it is closed
under reflection. Let Vo and V3 be good co-roots, i.e. assume that

§(mq) = 0(mg) = +1d.

We can write:
8(May(@) = 6(apmacy) = (s5' - 8)(ma).

By assumption, (3 is a good root, so sg (together with its inverse) stabilizes the
equivalence class of §. This gives:”.

(s - 0)(ma) =Tod(ma)oT ' =To(+Id)oT™! = +Id.

Hence sg(a) is a good root, and svg(¥Ya) = Vsg(a) is a good co-root.
Parts (b) and (c¢) of the lemma follow from the fact that if Vo, V3 and Vv are
co-roots and

Yy="a+"p (A.5)

then m, = m, - mg, and of course
5(m-) = 8(ma) - 6(mp).

For brevity reasons, we only sketch the proof of this fact. Without loss of
generality, we can assume that ||«| < ||8||. Because the restricted roots for a
split group form a reduced root system, there are severe limits to the possible
angles between pairs of roots. Taking (A.5) into account, we see that only two
possibilities can occur:

(i) (Vo) = -1
(i) (Vf,7) = +1.
Condition (i) implies that sg(a) = v and that®
Blma) = ()P = (-1)7' = -1
Then, by lemma 1,
My = Msy(a) = Ggmaalgl =mgMma = MaMg.
After re-naming the roots, we can use this result to show that
Mo = M_gMy
if case (47) holds. Then, because m_z = mg and m3 = 1, we also get:

My = MpMeag = MaMg.

7Call T the intertwining operator between § and sgl - 4.
8By equation (A.1).
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A.5 The Weyl group of the good co-roots

Let 6 be an irreducible representation of M, and let YAs be the root system of
good co-roots. Define W} to be the Weyl group of VAs.
It is a subgroup of

W('A(g,a)) = W(A(g,a)) =W

but not necessarily Levi. For instance, for £8 the Weyl group of the good co-
roots can be of type E8, D8 or E7 x Al.
It is also a subgroup of W?, because reflections through good roots stabilize the
equivalence class of §. We can say more:

Remark. W} is a normal subgroup of wo.
Proof. Tt is enough to prove that
wsqw ™! = Sw(a) € Wy

for all w in W° and « in As. This follows easily from the fact that w(a) is a
good root:

§(Muy(a)) = d(omao™") = (w'-6)(ma) = Tod(my)oT ™" = To(+1d)oT " = +1d.

We have denoted by o a representative for w in M’ = Nk(a), and by T an
intertwining operator between § and w=! - 6. O

A.6 The R-group R;s

Let § be an irreducible representation of M. The Weyl group of the good co-
roots W{ is a normal subgroup of the stabilizer of §, so the quotient

WzS

Rs = —
5 wo

is well defined. We call this quotient “the R-group of §”.

Lemma 3. Let § be an irreducible representation of M and let Rs be the R-
group of §. Then

(a) Rs is a finite group
(b) Every element of Rs has order two
(¢) Rs is an abelian group.

We will only sketch the proof of this lemma, for brevity reasons.
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Proof. Part (c) is an immediate consequence of (b); parts (a) and (b) follow from
the fact that Rs is isomorphic to the group

RS ={weW’: wVA}) = VALY (A.6)

We can regard R§ as the stabilizer of ps (the semi-sum of the positive good co-
roots) inside W. Hence, by Chevalley’s lemma, R§ is generated by reflections
through simple co-roots orthogonal to p;.

The set of all the co-roots orthogonal to ps forms a root-system, that we denote
by As. It can be shown that Ag consists of bad strongly orthogonal® simple
roots, together with their negatives. Reflections through simply orthogonal
roots commute, so the Weyl group of Ag is abelian, and every element has order
two. By construction, R is included in W (Ag) so it has the same properties. [

Lemma 4. Let § be an irreducible representation of M. The stabilizer of § is
the semidirect product of the Weyl group of the good co-roots and the group RS
defined in (A.6):

W =W} x RS.

In this decomposition W[? is normal, and the quotient W‘s/W(? is isomorphic to
S, hence to R-group Rs.

Lemma 5. If G is connected, semi-simple and has a complexification, then M
s a finite abelian group and is generated by the mys. It follows that

W ={weW:wAs) ="VAs;}
R ={weW:w(VA})="Af}

for every irreducible representation 6 of M.

9The roots o and (3 are said to be strongly orthogonal if they are orthogonal, and neither
a+ 3 nor a — 3 is a root.
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Examples of R-groups: -

B.1 The example of SL(n, R)

The data for SL(n, R)

We briefly recall the data for the group SL(n, R) and fix the notations that we
will be using throughout the section.

e G=SL(n, R)
e K =50(n)
e go = sl(n, R) = ap ®aca (80)a, with
ao = { diagonal matrices with trace 0}
A={e—¢€:1,j=1...n1%#j}
At ={e—¢j:4,j=1...n,i<j}
where for each [ = 1...n, we have denoted by ¢; the linear functional

e ag — R, diag(hy, ho,..., hy) — Iy

A = {diagonal matrices, with positive entries and det. 1}

M= {diag (c1, 2,05 ¢p) ey =1, 1T y¢5 = +1} ~ 751

M ={6s5:SC{l,...,n} st. | S|<[2]}, with
651 diag (Cl, Coynny Cn) — HjES Cj.

For all subsets S of {1,..., n}, ds is a well defined representation of M.
We notice that! Ijesc; = I;c(s¢)¢j, 80 s is equivalent to dgc, and we
obtain a total of 2"~! =| M | inequivalent representations.

The Weyl group W acts as the group of all permutations of the set
{€1, €2...€,}, so W is isomorphic to the symmetric group Sy,.

IBecause every element of M has determinant one.

29
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The good roots for dg

When S is the empty set, dg is the trivial representation of M and all the roots
are good.

Assume that S = {j1, jo,..., Jp} C{1,...,n}, with1 <p < [%} To identify
the good roots for dg, we need to construct the element m, for every positive
restricted root «a, and to evaluate dg at my,.

Set o = €; — €, with ¢ < j. Then

H, = diag(dy, da,...,d,)
with d; = —d; = 1 and d; = 0 otherwise. Therefore

i
Mq = €xXp (|OZ|12HOC> = diag()‘la )‘Qa-~-a)‘n7 )‘1_1) )‘2_1?---5)‘;1)

with A\; = A\; = —1 and \; = +1 otherwise. We notice that

+1, if either {i, j} € S or {i, j} C S¢
—1, otherwise.

5S(m€i*€j) = {

So €; — €; is a good root if and only if both indices i and j lie in S, or none of
them does. We obtain:

Asg = {F(€ — €;) bicjijes U{E(6 =€) }icyijese

and

VA&s = {*(e — ej)}i<j,i,jes U{=£(e — €j)}i<j,i,jesc -

Remark. It is a root system of type Ap,_1 x Ag—1, with p = #5 and ¢ = #S5C.

The Weyl group of the good co-roots for dg
If p=#5 21, then VA5, = Ap—1 X Ay_1 and

Wi, = W(Ap 1) x W(Ag1) = 8, xS, |.

We notice that Wy acts on the set {1, €2...€¢,} by
- permuting the ¢;s, with ¢ in S

- permuting the ¢;s, with j in S°.

It is a subgroup of W of order plg! and index [W : W(?S} = p%(! = ( Z > .

If S is the empty set, then A5, = A and of course W(?S = W (it has order
n! and index 1).
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The stabilizer of the dg

Because G = SL(n) is connected, semisimple and has a complexification, we
can identify W% with the set of of Weyl group elements preserving the good
roots for §g.2

If S is the empty set, then every root is good and W? = W. If S is not
empty, then we must look for Weyl group elements that stabilize the set:

Asg = {£(ei — 6j)}i<j,i,j€S U{=£(e — 6j)}i<j,z',jesc~
It is not hard to see that

e A;, is stable under any permutation of the set {¢;: i € S}, as well as any
permutation of the set {¢;: j € S}

o If p # 3, there are no other Weyl group elements that preserve Asg

e If p = % (and n is of course even), then there are other Weyl group

elements that preserve As, namely all the permutations of the form:
T = (i1 j1)(i2 j2) - - (iz jz)

with i1, ig,...42 in S and ji, ja,...jz in 5.
WLOG we can assume that n = 2m, and that S = {1, 2,..., m}. Then
any permutation 7w as above can be decomposed as a product oo7oy, with:

. 01 € S{L“_,m}
Aa=0m+1)2m+2)---(mn)
« 02 € S{m+1,...,n} .

It follows that 7 is a generator for the R-group, of order two.

Here is a synopsis of the results: if 0 < p # 3, then

WO = W (A1) x W(Ag_1) = W |.

2General remark: If G is a connected semisimple Lie group and has a complexification GC,
then the group M is generated by My (the identity component of M) and by the elements
{Ma}a real-® If G is also split, then M is discrete (so My is trivial) and every root is real, so
M is generated by all the mq’s. We can therefore write:
Wo ={weW: (w-§)(m)=25(m) Yme M}

={weW: (w-d)(ma) =0d(ma) VYaeA}

={w e W: §(mw.a) =d(ma) VYae A}

={w € W: w preserves As}.
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If p= % (and n is even), then

WO = (W (Ap—1) x W(Ag1)) X Zy = Wy % Zs |.

Remark. W(SOS is a (normal) subgroup of W? of index 1 if p # 5, and index 2
if p= % (and n is even).
The R-group

By definition, the R-group Rs. is the quotient W?s/ Wl?s' It follows from the
previous considerations that:

- If S is the empty set, then ths = W% =W and the R-group Rs, is trivial.

-If 0 < #S # %, then W(?S = W% = W(A,_1) x W(A,_1) and again the
R-group Rj, is trivial. We have set p = #S5 and ¢ =n — p.

- If #S = 3, then R4 has order two and is isomorphic to Zz. We can pick the
permutation 7 as a generator.

B.2 The example of SP(2n, R)

The data for SP(2n, R)
e G=SP(2n, R)

o K= {( é *AC ) € SL(2n,R): AAT + CCT = I, ACT — CAT = 0, det(k) = 1}

We notice that K is isomorphic to U(n) via the mapping

(é —C > — A+iC.

® (o = 5]3(27’7,, R) = ap @aEA (gO)OM with

ap = {( IO{ _OH ) : H diagonal matrix}

A={tete:i,j=1...ni<jlU{2¢:1l=1...n}
At ={ete:i,j=1...ni<j}U{2¢:1=1...n}

where for each [ =1...n, we have denoted by ¢; the linear functional

€1 0p — Rv dia‘g(hlv h’27' ) hnv_hflv _h27 RN _hn) = hl

e A= { ( g DO,l ) : D diagonal matrix, with positive entries}



B.2. THE EXAMPLE OF SP(2N, R) 33

o M= {( g i ) : A diagonal matrix, with entries + 1} ~ 78

° f\i:{&sz S c{1,...,n}, with
552 dlag ()\1, )\2, ey )\n, )\1, )\2,. cey /\n) = HjESAj-

For all subsets S of {1,...,n}, 0s is a well defined representation of
M. Because there are no equivalences, we obtain a total of 2" =| M |
(inequivalent) representations.

e The Weyl group W acts as the group of all permutations and sign changes
of the set {e1, €3...€,}, so W is isomorphic to the semidirect product of
Z% and S,, (with S, acting on Z%).

The good roots for dg: As,

When S is the empty set, dg is the trivial representation of M and all the roots
are good. So it is enough to consider the case S = {j1, j2,..., jp} C {1,..., n},
with p > 1.

To identify the good roots for §g, we need to construct the element m,, for every
positive restricted root «, and to evaluate dg at mq.*

o If a =¢; +¢;, then
H, = diag(dy, da,...,dy, —di, —da,...,—d,)
with d; = d; = 1/2 and d; = 0 otherwise. Therefore

.
Mg = €Xp (mHa) = diag(A1, Aoy A ATL AL LAY

x|

with A\; = A\; = —1 and A\; = +1 otherwise. We notice that

+1, if either {4, j} C S or {4, j} C S¢

—1, otherwise.

55 (m€i+5j ) = {

So €; +¢; is a good root if and only if both indices ¢ and j lie in S, or none
of them does.

4By definition, a root « is good for §g if and only if §g(ma) = 1. Recall that if G has a
complexification, and « is a real root, we can construct mq by the formula:

271

R

For details, please refer to Knapp’s book “Lie groups beyond an introduction”, chapter seven,
section 8.
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o If & =¢; —¢j, then
H, = diag(dy, da, ... ,dy, —d1, —da,...,—dy)
with d; = —d; = 1/2 and d; = 0 otherwise, and again
Me = diag(A1, Aoy ooy Aoy AT 5 AZ LAY

with \; = A; = —1 and A; = +1 otherwise. Because me,_; = me,+¢;, we
deduce that €; — €; is a good root if and only if €; + ¢; is a good root.

e Finally, if a = 2¢g, then
H, = diag(dy, da, ... ,dp, —dy, —da,...,—dy)
with di = 1 and d; = 0 otherwise. Therefore

N
M = exp <||OZT||Z2H“> = diag(A, Ao A ATL AL LAY

with A\, = —1 and \; = +1 otherwise. We notice that

+1, if ke S¢

O5(mae,) = {1 ifkes

Therefore 2¢j, is a good root if and only if k is not in S.

We conclude that for every not-empty S C {1,..., n}, the set of good roots

Ass = ({6 £ €5} iz i jese U {26k} pese) U{Ee £ €5}izj i jes-

is of type Cy x D,,. The set of good co-roots

VAss = ({£€i £ €} iz ijese U{tentpese) U{xe £ €j}iz) ijes

is a root system of type By x D,. Here p = #5 and q = #SC =n—p.
If S is the empty set, then VAs, = VA (of type By,).

The Weyl group of the good co-roots for §s: W(?S

If p=#8 =1, then VAs, = ByxD, and | Wy = W(By) x W(D,) = W(Cy) x W(D,)|.

It has order

| W [=I W(Cy) | - | W(Dyp) |= (29g1) (27 "p!) = 2" 'q!p!

2"n/! n
W - HIO _ _
W Wael = 2n~1qlp! _2< p )

and index

Wy, acts on the set {1, €3...€,} by
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- permuting the €;s, with ¢ in S

permuting the €;s, with j in S¢

changing sign to an even number of ¢;s, with i in S

changing sign to an arbitrary number of ¢;s, with j in SC.

If S is the empty set, then YAs, = VA and of course Wy = W (it has order
2"n! and index 1).

The stabilizer of the §g: W0

Because G = Sp(2n) is connected, semisimple and has a complexification, we
can identify W% with the set of of Weyl group elements preserving the good
roots for dg.

If S is the empty set, then every root is good and W% = W. The case S # ()

is more interesting, indeed we must look for Weyl group elements that stabilize
the set:

Ass = ({ei £ €5} ivgg i jese U{E2e}rese) U{te €} i) ijes-
It is not hard to see that
e A, is stable under the following operations

- all permutations and sign changes of the set {¢;: i € S}

- all permutations and sign changes of the set {¢;: j € S°}.
e There are no other Weyl group elements that preserve the set As,.

Therefore:

]WJS =W(C,) x W(C,) \

This group has order
| WS |=[ W(Cy) | - | W(G,) |= (29g!)(27p!) = 2"g!p!

and index

2"n! n
W Wos] = = )
| } 2mq!p! < p >

Remark. W§_ is a (normal) subgroup of W9 of index 2.
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The R-group

By definition, the R-group Rj, is the quotient W?s/ Wiso. It follows from the
previous considerations that:

- If S is the empty set, then W(?S = W% =W and the R-group Rs, is trivial.

- If S is not empty, then Rs, has order two, and is isomorphic to Zs. We
can choose as generator any sign change €; — —¢;, with ¢ in S.



Appendix C

The Dynkin diagram
R-group

The main reference for this chapter is Dana Pascovici’s paper, “The Dynkin

diagram R-group”.!

Let DD be a connected Dynkin diagram. We denote by A the correspond-
ing irreducible root system, and by II a choice of simple roots for A. The set
IT is in one-one correspondence with the set of vertices of the Dynkin diagram.
In this correspondence, disjoint vertices correspond to simply orthogonal simple
roots.?

To every connected Dynkin diagram DD we attach a finite abelian group Rpp,
that can be easily computed by looking at DD. We call this group “the R-group
of the Dynkin diagram DD”. It plays a role in our discussion on the Rs- groups,
because for a simple split real group and a minimal principal series the R-group
Rjs is always a subgroup of Rpp. This implies that the order of Rs can only be
at most four.

C.1 Preliminary definition (the simply laced case)

The definition of Rpp is particularly easy when the Dynkin diagram DD is
simply laced, so we start with this case.

An element of Rpp is a set S of mutually disjoint vertices of DD, s.t. any
verter x ¢ S is connected to an even number of elements of S. Rpp is made
into a group with the operation of symmetric difference of sets.

IRepresentation Theory 5 (2001), 1-16.

2Two roots a and § are “simply-orthogonal” if < «, 8 >= 0 and « + 3 is not a root.
For simple roots, this the usual notion of orthogonality. Indeed, the difference of two simple
roots is never a root, and « + (3 is a root if and only if the a-string through g has length
strictly greater than one, and this happens exactly when the two roots are not orthogonal.

37
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Let us make some examples.

The Dynkin diagram of e———e is trivial. Indeed we notice that

S = (®——e isnotin Rpp, because the second vertex is an element
of S€ which is connected to one element of S.

S= e——® isnotin Rpp, for similar reasons.

S = ®—@® isnotin Rpp, because the two vertices are not disjoint.

Therefore, the only element of Rpp is the empty set: S = e———e.

A similar argument shows that the Dynkin diagram of e———e——=e s
isomorphic to Zs, the non trivial element of Rpp being

©O——e—@.

We now list the R-group of every connected simply laced Dynkin diagram.
If the group is non trivial, we give the non trivial elements.?

If [ = 2n is even, the Dynkin diagram of A, is trivial:

— o o
1 2 3 2n-2  2n-1 2n.

If | = 2n + 1 is odd, the Dynkin diagram of A; is isomorphic to
Zs. The non trivial element is:

o« ® o ®
1 2 3 2n-1 2n 2n-+1.

If | = 2n + 1 is odd, the Dynkin diagram of D, is isomorphic to
Zs. The non trivial element is:

3All the results follow from a simple inspection of the Dynkin diageam.
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If | = 2n is even, the Dynkin diagram of D; is isomorphic to
Zo @ Zso. The non trivial element are:

® o

The Dynkin diagram of Fj is trivial:

R

The Dynkin diagram of FE; is isomorphic to Z;. The non trivial
element is:

® .

The Dynkin diagram of Fg is trivial:

R B
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C.2 General definition

We now give the general definition of Dynkin diagram R-group, which is valid
also in the not-simply laced case. The first step is to associate to any Dynkin
diagram DD a labelled directed graph I'pp:

The wvertices of I'pp are the same as the vertices of DD (hence they are in
one-one correspondence with the set of simple roots).

Two vertices « and 3 of Tpp are connected by an arrow (pointing from o to 3)
labelled with the integer ny, g = %

In the simply laced case, the labelled directed graph I'pp is just the Dynkin
diagram DD, with all the edges labelled with one. In the non-simply laced

cases, I'pp is given by:

3
G2 e e
1
1
1 -, 1
F4 o—>0 o+——r0
2
1
1 1 1 R
B, ° ° ® ----- e« >0 °
2
2
1 1 1 -
Cn ) ° @ - o<«—0 °
1

Next, we define the Dynkin diagram R-group Rpp:

An element of Rpp is a set of mutually disjoint vertices of I'pp, s.t. for any
vertex v ¢ S the sum of the labels on arrows going out of v and into elements
of S is even, i.e. Y cgNy o =0 mod 2.

Rpp is made into a group with the operation of symmetric difference of sets.

It is easy to check that the R-group is trivial for DD of type G5 and Fy.
For DD of type C),, the R-group is isomorphic to Zs, and is generated by

T ®

D —

1
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Finally, we discuss the case in which DD is of type B,.
The R-group of B, is always of order two, but the non-trivial element depends
on the parity of n. More precisely, we can take

1
® . ® ...... o ® e
2
as a generator the R-group of Ba,,4+1, and
1

as a generator for the R-group of Bay,.

C.3 The relation between Rpp and Rj

Let G be a simple split real group, and let DD be its Dynkin diagram. Let
P = MAN be the Langlands decomposition of a minimal parabolic subgroup
of G. For any representation d of M, we consider the R-group Rs associated to

J.

Theorem 1. Ry is always a subgroup of the Dynkin diagram Rpp.
In particular, Rs equals Rpp when § is mazimally bad.

We recall that a representation of M is called “maximally bad” if all the
simple roots are bad. For instance, the representation d;1 357 = 0{2,4,68} of
M C SL(8) is maximally bad. So is the representation d7; 55y of M C SP(10).
If the group G is connected, then M has at most one maximally bad represen-
tation (because M is generated by the mgs, for « simple). Sometimes M has
no maximally bad representations at all.*

In the previous section we have shown that the R-group Dynkin diagram is
trivial for DD of type As,, Eg, Es, Fy, G2. In any other case, Rpp is a finite
abelian group of order two or four. As an immediate consequence, we obtain:

Corollary. For SLoy,.1, Es, Es, Fy, and Ga, Rs is always trivial.?
For types Aapy1, Bn, Cn, Dany1 and E7, Rs has cardinality at most two.
For type Dayp,, Rs is a subgroup of Zo X Zs.

4This is the case for SOg(n + 1,n).
5For the other split groups, it has order at most four.
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Minimal Principal Series
for Split Groups

Let G be a real split semisimple Lie group.

D.1 Minimal Principal Series

Fix a Cartan involution 6 and let g = ¢ @ p be the corresponding Cartan de-
composition of g = Lie(G). Choose a maximal abelian subspace a of p, and
set:

o M = Zg(a) the centralizer of a in K
e A = expq(a) the vector subgroup of G with Lie algebra a
e A = A(g,a) the set of restricted roots.

Notice that M is finite when G is split, and is abelian when G is linear.

By construction, M A = Zg(a) is the Levi factor of a minimal parabolic sub-
group of G. Suppose that (0, Cs) is an irreducible (tempered unitary) repre-
sentation of M, and that v is a character of A. Choose a minimal parabolic
subgroup P = M AN so that R(v) is weakly dominant for the roots of A in N.!
You can of course regard § ® v as a representation of P, with N acting trivially.
The induced representation

Xp(0,v) =Ind% (6 @ v)

is called a minimal principal series for G.
Xp(0,v) is the representation of G by left translation on the space of functions

Hjw, = {F: G — Cs: Resg (F) € L*(K, Cs) and

IEquivalently, choose a positive system AT in A such that
(R(v),a) >0 VacAT

and set N = expg(  4ea+ Oa)-

42
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F(gman) = e~ P18 @5(m)~1F(g), Vman € P = MAN, Vg € G}.

Remark. The choice of P is unique only when Re(v) is non singular (i.e.
R(v) is strictly dominant for the roots of A in N ). The induced representation
Ind$ (5 @ v) is independent of this choice.

Proof. The fist step is to identify all the minimal parabolic subgroups of G with
Levi factor M A for which R(v) is weakly dominant.

Partition the restricted roots according to their inner product with R(v): A =
Ap UAL LA, with

Ap ={a e A: (R(v), a) =0}
Al ={a e A: (R(v), a) >0}
Ay ={aeA: (R(v), a) <0}

The set Ay, is a root system, and every positive system AT (in A) making R(v)
weakly dominant is of the form

At = AT UAY

for some choice of a positive system A} (in Ap).
Denote by L the centralizer of ®(v) in G. Then L contains M A and has Lie
algebra

[=mPad @ 9a

aEAL

(m = {0} in the split case).
Any choice of AZ‘ determines a minimal parabolic subgroup of L containing
MA, say P, = MANy, and the map

PLZMANL — P:PLU:MA(NLU)

gives a one-one correspondence between the set of arbitrary minimal parabolics
in L containing M A and the set of minimal parabolics in G making () weakly
dominant.

Let us continue with the proof of the claim. By induction by stages,

d$ (6 @ v) = nd§ (IndCP?L 0® u))
where Q = LU is the (non-minimal) parabolic subgroup of G defined by R(v).2

Then, because @ is canonically attached to v, in order to prove that the minimal
principal series X p(d, ) is independent of the choice of P, we only have to show

2The Lie algebra of Q is
M M M
qg=mdad go=mbad ga D do-
a: (a,R(r))>0 Q€A acad
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that IndejL (0®v) is independent of Pr,. This is easier to do, because IndgL (0®v)
is unitarily induced.?

An explicit computation shows that the character of the unitary representation
Ind% (0 ®v) is independent of the choice of Py, then the result follows from the

fact that two unitary representations with the same character are isomorphic.
O

D.2 Langlands quotient

For simplicity, assume v to be real.
Let M A be the Levi factor of a minimal parabolic subgroup of G, let § be
an irreducible tempered unitary representation of M and let v be a character
of A. Choose any minimal parabolic subgroup P = M AN making v weakly
dominant, and let P = M AN be the opposite parabolic. The representation
d ® v of MA can be regarded as a representation of both P and P. Let us
denote by

Xguo(0,v) = mdS (5 @ v)
and

Xoup(6,v) = Ind% (6 @ v)

the corresponding induced representations of G.
When v is strictly dominant, there is an intertwining operator

A=AP: P:6:v): Xguo(0,v) — Xsun(6,v)

defined by the convergent integral:

[A(P: P:§: v)F|(x) :/ F(zn) dn. (D.1)

N

When v is weakly dominant, the integral in (D.1) does not necessarily converge.
To obtain a convergent integral we need to integrate on the smaller subgroup

U = exp @ga C N.
aEAy

The integral
[A(P: P: §: v)F)(z) = / F(zn)dn (D.2)

U

converges absolutely for all continuous functions F in Hf;)@w so we still have an
intertwining operator from X;,,(d ® v) to X (0 ®@ v).

Define the Langlands quotient representation to be the closure of the image
of this operator:

X(8,v) =Im(A(P: P: §: v)).

3By construction, (R(v), ) = 0 for the roots of A in Nz, so v is imaginary and IndgL (6®v)
is unitary.
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It is clear that X (§,v) is a subrepresentation of X,.;(6,v) and a quotient of
Xquo(9,v). According to Langlands and Milicic, it is actually the largest com-
pletely reducible subrepresentation of X,;(d,7) and the largest completely re-
ducible quotient of Xgy0(0,v).

D.3 Reducibility

Remark. The Langlands quotient X (5,v) may be reducible.

Proof. Because X (0,v) is the closure of the image of
Xopuo(0,v) =ndS (0 @ v) = Indg (Ind% (0® 1/))

via the long intertwining operator we start by discussing the reducibility of the
unitary representation Ind (@ v).

By deep results of Harish- Chandra and Knapp-Stein, the number of irreducible
constituents of IndgL (6 ® v) is equal to the order of the R-group R(J,v), and
these constituents are all distinct. Let

|R(.v)]
Imd® (0@ v) = @ X

be the decomposition of Ind% (6 ® v) as a direct sum of irreducible representa-
tions. We get:
[R(5,v)]
Xquo(6,v) = € Tnd§ (X7)
i=1
and
eI md§ (X3)

¢ (5.0 = Nauo(0,v) _
X(v) = ker(A) 16:91 ker(A) N Indg (X1) .

By construction the space
i _ Indg (X3)
X'(6,v) = T
ker(A) N1Indg (X3)

is the largest completely reducible quotient of Indg (XlL)
Langlands has proved that each X*(4,v) is irreducible, so the decomposition

[R(6,)]

@ X6, v) (D.3)

exhibits X (6,v) as a direct sum of irreducible representations.

Equation (D.3) also shows that the reducibility of the Langlands quotient X (J, v)
comes entirely from the reducibility of the unitarily induced representation
IndgL (0 ®v). O
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Remark 7. When G is split, the number of irreducible summands of the unitar-
ily induced representation IndICgL (6®v) is equal to the cardinality of the R-group
Rs(v). We define

W) {weWliw-v=v}
W) {weWliw-v=v}

Rs(v)

For an explicit example of how to compute the number of Langlands quo-
tients, see section (F.2).

How about the reducibility of the (minimal) principal series Xyu0(d,v) =
nd%(§ ® v)? Because X (0,v) = X]‘i%((j’)”), reducibility can occur if and only if
(i) the Langlands quotient is reducible
(#4) the intertwining operator A has a kernel.

Of course these two conditions can happen at the same time.
For minimal principal series in split groups these conditions are equivalent to:

(7)" the R-group Rs(v) is non-trivial

(27)" there is a root « such that the inner product (a¥,v) is a non-zero integer
k, and
(D = é(ma).

This parity condition means that (a",v) should be an odd integer if « is
a good root for § (i.e. §(my) = +1), and an even integer if « is a bad.*

4For a motivation of this reducibility condition, see section 4.2 in Vogan’s book “Repre-
sentations of Real Reductive Lie Groups”.
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The operator R (sq, 7)

E.1 Preliminary remarks

Lemma 6. Let a be a restricted root and let o, be a representative in M’ =
N (a) for the root reflection so. For (u,E,) in K and (5,V°) in M, consider
the operator

U, : Homp (E, |, st) — Homp (B, |, V5”'5), T — To,u(agl).

U, is well defined and can be computed as follows. Let K be the SO(2) sugbroup
attached to o, and let
By = @ 2

neZ

be the decomposition of u in isotypic components of irreducible representations
of K*. Then

(WaT) [p,= (=0)"T |g,,
for all T in Homy (E, |ar, V?) and n in Z.

Proof. In order to show that W, is well defined, we prove that the homomor-
phism
Tou(o,t): B, — Vo

is invariant under the action of M.!
By assumption, 7" is a map from FE, to V9 with the property that

§(ma) - T(u(my ")) = T'(v)

for all v in £, and all my in M. Then

LAn element m of M acts on the domain by p(m~!) and on the codomain by (sq - §)(m).
So T o u(o4 ') is invariant under M if and only if

(80 - 8)(m) - (T 0 u(og M) (ulm™ )v) = (T o u(ogh))(v)

for all m in M and all v in E,,.

47



48 APPENDIX E. THE OPERATOR R,,(S., 7)

(86 0)(m) - (T o p(og ) (p(m™ ) =

= 005 'moa)T(p(og ) u(m™")u(oa) plog ' )v) =

m1 p(mi )

= 6(ma) - T(p(my oz ) = T(u(og ) = (T o p(ogM))(v). v

The rest of the lemma follows from the fact that p(oy') = p(exp(—3Za))
acts by
. - .
exp(fngz) =i "= (=)"
on ®,,. Indeed, ¥, is the isotypic component of the character y,, of SO(2). O

Corollary. Let ¥, be the operator defined above, and let T be an element of
Hom (B, |ar, VO).

o If v belongs to ¢oy, + ¢_an, then (U, T)(v) = (—1)*T(v)
o Ifv=wy+ v_ belongs to ¢iapt1) + O—(2k+1), then

(WD) (03 + v_) = (=) vy — v )

Remark 8. The operator ¥, is not uniquely defined when « is a bad root for

J.

Proof. Indeed, the element o, = exp(5Za) = exp(5(Eq + 0E,)) depends on
the choice of F,. Here E, is any non-zero element of the a-root space satisfying
the normalizing condition

B(Ea, 0Es) = =2/[all?.  (0)

Because G is assumed to be split, the a-root space is one-dimensional and the
condition ({») determines E,, uniquely, up to a sign. The element o, is therefore
defined only up inverse.
When « is a good root for §, this ambiguity does not affect the operator ¥,
because
Hom s (Ey, [ar, V°) = @D Homuy (¢2n + ¢—2n, V)
neN

and the elements o,, and o, ! act in the same way on the even character of SO(2).
On the contrary, when « is bad for §, the decomposition of Homps (E,, |ar, V)
only involves odd characters of SO(2) and the elements o, and o, ' act with
opposite sign on the odd characters of SO(2). Therefore, when « is a bad root,
choosing —F,, instead of E, has the effect of replacing ¥, with —V,,. O
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The following pictures are meant to illustrate the action of the operator ¥,
on the space Hom s (¢o, V?).
If a is a good root for §, then

HOHIM(EM |]\/[7 V6) = @HomM((an + ¢,2n, Vé)
neN

and ¥, acts by:

Hompg(¢0,V0)  Hompr(d2 + ¢—2,V0)  Hompr(ds + ¢—4,V?)

T E

Homp (60, V%)  Homp(¢p2 + ¢—2,V?)  Hompr(¢a + ¢p—a,V?)

If « is a bad root for §, then we can write

Homy (E,, |p, V) = @HomM(¢2n+la Ve)

nez
with ¥, acting by:
T ‘90—3 T |<P—1 T |<P+1 T ‘<F+3
...... . e ‘ ’ )
------ . e .—. e e e e
v, T |v73 v, T |</L1 v, T |<p+1 v, T |<p+3

Lemma 7. The mapping [04] — U, defines a a representation of the Weyl
group of the good roots on the space Homp (E, |ar, V).

Proof. The key point here is that if a is a good root, then s, -0 = d and ¥,
becomes an automorphism of Homys (E,, |ar, VO).
Because

(0a0p] - T = T o p((0a05) ") = (T o u(05")) 0 oy ") = Ta(T4T)
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for every pair of good root, the mapping [0,] — ¥, extends to a homomorphism
of W into Aut(Homus(E,, |ar, V9)). The result is a representation of Wy on
Homy (E, |ar, V?), defined by the formula:

([o] - T)(v) = T(u(e™")v) (E.1)
for all o in W, all T in Homps (E,, |a, V°) and all v in E,,. O

Remark 9. Equation (E.1) also defines a representation of the stabilizer of o
on the space Homy (E, |ar, V7).

E.2 The operator R,(s,, 7) for o simple
We introduce some notations:

. K* =exp(RZ,) is the SO(2) subgroup attached to «

. x1: exp(tZs) — el is the I*™® character of K

. ¢ is the isotypic component of x; inside p, so that E, = @, ¢ is the
decomposition of E,, in K“-stable subspaces.

In this section we compute the operator R,(sq, v), for every « simple. For T
in Hom s (Eu |ar,s V‘S) and v in ¢;, we have:

(Ru(Sa, V)T)(0) = [ga e P TN H DT ((6,5%(R)) L - v) dit =
= fNa e~ (P +lae)(H* (R)) (X+l(0alia(ﬁ))’1v) di —
= [figa N E D)y (005 ()L T(0).

To proceed we need to understand the Iwasawa decomposition of an element
n of N. Let us compute such decomposition. Because G is split, the space

0" =RH, ©go Dg_a

is three-dimensional. Let FE, be a non-trivial element of g, subject to the
normalizing condition B(E,, E,) = ﬁHa Then 0E, is a generator of g_,
and the mapping

Vo 5l(2, R) — g* = RH, + RE, + RO(E,)

0 1 0 0 1 0 +2
“«00>H&’ﬂ(10)H‘@”’“<01)HWﬂm
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is an isomorphism between s[(2, R) and g®.
When G has a complexification?, 9, lifts to a group homomorphism

U,: SL(2, R) — G°.

We can therefore “induce” the Iwasawa decomposition from SL(2, R) to G*:

1= exp(t0(E,)) = exp(-tva () = Talesp(- 1) =0 (( 1, 1)) =

_u, ( ( cos(arctan(t)) sin(arctan(t)) ) ( VIt 0 ) < (1)

—sin(arctan(t)) cos(arctan(t)) 0 1/vV1+t2

= U, (exp(arctan(t) (e — f)) Vo (exp(In(v1+t2) h)) ¥, (exp(ze)) =
= exp (Yo (arctan(t) (e — f))) exp (Yo (In(v1 +12) b)) exp (Ya(ze)) =

2
= exp (arctan(t) Z,) exp | In(v/1 + ¢2) WHQ exp (z Ey) .
a

He(n)

we ()

Therefore

o p(H*(R)) = La <ln(\/1 ) ”(3”21{&) = In(vVI+ &)

o Voo (Ho@) =7 (W(VTF ) (ZpHa) = n(VTH ) (7, [ Zpa) =
=In(vV1+1t?) (v, Vo)

2This is always the case if G is semi-simple. Indeed every adjoint group has a complexifi-
cation: if G = Ad g, you can take GC to be Ad(g®).
It also true, more generally, if the group G is real reductive and satisfies the condition

2(G)N K = {1}.

Indeed, if G = K exp(po) is the Cartan decomposition of G, and ( is the center of the Lie
algebra of G (so that g = [g, g] ® (), then we can write

G= IK exp(p&ﬂ [: g]g ?X_p(%gﬂ_éi- ()
G1 z1

with G real reductive (of the same rank as G') and Z! a vector group included in the center.
Because Z(G') = Z(G) N K = {1}, the group G! is actually semi-simple. So (%) is a
decomposition of G as a direct product of an adjoint group and a vector group, both of which
have a complexification. As a result, we obtain a complexification for G.

Finally, we notice that Z(G) acts by scalars on any irreducible representation of G (this
is Schur’s lemma), and that Z(G) N K acts trivially on the trivial K-type included in any
irreducible spherical representation p of G (hence on the whole representation space E,).
So, when dealing with spherical representations, we can assume w.l.o.g. that the condition
Z(G) N K = {1} is satisfied.
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-1 _ i (exp (_(% + arctan(t))Za)) — ¢~ li§ g—lilarctan(t)] —

- ; =l
— e li% (\}%) , for all [ in Z.

Let us go back to the computation of R, (s, 7)1 (v).

Ru(sas )T (W) = [figa =@ +1em) HU Oy (005 (7))~ 1d] T(v)

o v ; -t
— |eli% fR(m)—(H(m a>)( Ltit ) dt} T(v) =3

14+t2

- _ v i\ !
= |e7li5 [ (VI+ ) (1+{y,Va)) (\}Titt?) dt} T(v) =*

= {e‘” ) ffﬁz(cos )1+ eli? ((:0519)2 dé'} T(v)

= letis f:/r%(cos G)r1elid dG] T(v)=°
= [e7t'™ [T (sin ) el T da] T(v)

. TN e "3
= |2x-1 F(1+ k*é’l)r(l-s- Aél):| T(v)'

The last equality follows from the following result:

aT(14a)e'™b/?

(sin t)2 et dt = —
| 20 T(1+ 50 I(1 + 252

for each b in R, and for each a in C such that Re(a) > —1.°
For brevity of notations, we set

&= 7 T'(A)
P ) T )

Then
Ry (50, 7)T(v) = (—i)'dy T(v)

3Perform the change of variable (t — —t).
4Apply the change variable 6 — 2 = 6 + /2, which gives:

Vigez= 1L

cos 6
\}% =cosf + i tanf cosf = et
_ 1
dt = ~ (oo 0)2 do.

5 Another change of variable 6 — x = 0 + /2.
6See e.g. [7].
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for all T in Homs (E, |am, C) and all v in ¢;.
The next task is to give a more explicit description of d;, and to do so we must
distinguish between the even and the odd case.”

The case [ =2n, n >0
It is convenient to introduce the constant
7 T(\)

TP () T (8

D =d,

and to look at the normalized coefficients:

1, re e
D® DO £ T ()

To simplify this expression we recall the factorization property of the I" function
I(z+1)=2T(2)
and we introduce the notation
(D)n=z(z4+1)(z+2)---(z4+n—-1)
for each z in C, and for every positive integer n. Then

I'(z)(2) IN'z)(z—n)nT(z=n) (z—-n)n (EZ-1E=-2)-(2—n)

F(z+n)T(z—n) () T(2)T(z—n)  (2)n 2(z+1) - (z+n—-1)°
Setting z = %, we find:

1=MNEB =X (2n—1-2)
A+ NB+A) - 2n—1+N)

1, 7(A71)(A73)~~(A—2n+1)7(71),1
DT A+ 1D)(A+3) (A +2n—1)

It follows that

1=NB-A)-(2n—1-\)

RM(Sav 'Y)T(’U) = (_i)Qnd2n T(’U) = (1 + )\)(3 + )\) . (277, — 1+ )\)

T(v)

for all T'in Homs (E,, |a, C) and all v in ¢g,,. Same result for v € ¢o,,, because
(—i)_2nd,2n = (—1)nd,2n = (—1)nd2n = (—i)2nd2n.

The case [ =2n+1,n >0

We introduce the constant

mI'(\)
ZENOHCEN

D' =dy = (—i)

"Because dy; =d_;, we assume [ > 0.



54 APPENDIX E. THE OPERATOR R, (Sa, 7)
and consider the normalized coefficients:
1 L r3)r+1)
D et = S TR o)
Using the formulas
F(Z) _(Z_n)nr(z_n)_z_n = (z — 72— (z2—n
N TE) 1
T(z"+n) ()T ZE+1)--(2+n-1)
for z = % and 2/ = % + 1, we can write:
1 o A=2)A=4)--- (A —2n) i Z( ANA—=XN)--(2n—X)
o B = (+Z)(A+2)(A+4)-~-()\+2n) =DM )(2+)\)(4+)\) (2n+ )
Therefore:
(R,u(som ’Y)T) |¢2n+1: (_i)2n+ld2n+1T |¢2n+1:
a2 ng oy 2= A =A) - (2n—A) _
- (_Z)z +1(_1) (+Z)D (2+)\)(4 )\) (27’L+A) |¢2n+1_
_ oy 2=NE=A)- (2=
=+D CFNAFN @t - 62041
and

(R/J(SOH PY)T) ‘¢72n71: (_7;)_2n_1d*2n*1T |¢2n+1: (_i)_Qn_ldQHJrlT |¢72n71:

2-XNA4-=-XN---(2n—-A)
2EN@ETN) - 20+ N 6201
2=-XN4-=-XN---(2n—-A)

2EN@E TN 20+ N 6201 -

= (=) 72" =) (+0) D’

:—D/

Conclusions

Write £, = @,cz ¢1 for a decomposition of y in isotypic components of irre-
ducible representations of the SO(2)-subgroup attached to «, and denote by

F the (common) vector space for the representations § and s, - 6 of M.
intertwining operator

R, (50, 7): Homa(E,, V° = F) — Homp (B, V*** = F)

The

acts as follows: for every T': E, — F in the domain, R, (s, 7)T is the unique

homomorphism E,, — F' such that

(A=) (E=A)-(2n—1-))
b (RM(SOH 7)T) |¢2n D(1+>\)(3+>\) (@n— 1+>\)T|¢2n
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1= (3=X)---(2n—1—-X\
. (R;L(Sa, 'Y)T) |¢_2n: D21+A323+A§...52n_1+>\§ T |¢—2n

2—X)(4—XN)---(2n—X
o (Ru(sas NT) lozis= D' Grayarar-nin) T losns

—A)(4—=A)---(2n—X\
° (RH(SQ> V)T) |¢72n71: -D’ g+)\;gj+)\g...gn+)\§ T |¢72n71

for every integer n > 0. The constants

B w ()
P () T ()
and \
D (i) TT)

have been chosen so that
(R#(Sav 'Y)T) |¢0: D-T |¢o

and
(RM(SOM V)T) |¢1: DT |¢1 .

For brevity of notations, set:

; C—2n = C2n

_pA=NB-N 21N
T I NGEN - 2n—1+ )

and
2-NE—N)---(2n—))
C+NA+AN) - (2n+N)’

Then we have the following picture:

/
Cony1 =D C_2pn—1 = Cont1-

T |¢>72 T |¢71 T |¢0 T |¢+1 T |¢+2
...... . ' ‘ a‘ ' PR

{ “+co J —C1 “ “+co { +cq J “+c2
...... ‘ ’ ' a‘ ’ PR

Ru(sa)T |<¢>72 R#(Sa)T ‘¢>71 Ru(sa)T | g0 Ru(sa)T |¢+1 R#(sa)T ‘¢>+2

Remark 10. It is possible to give an even simpler description of the operator
R, (5a, ), if we know whether the root o is good or bad for ¢. Indeed, these
conditions force an element of Homps(E,, V%) to be trivial on all the ¢; with
odd, or on all the ¢; with | even respectively.
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E.2.1 The operator R,(s,, 7) for o simple and good
For every good root «, the operator
R, (50, 7): Homps(E,, V°) — Homy, (E,, V= °=9)

is an endomorphism of Homp (E,,, Vo).

Moreover, the decomposition of Homps(E,,, V?) in M K“-stable subspaces in-
volves only even characters.

This is the content of the next two lemmas.

Lemma 8. If a is good for §, then
Hom s (E,, V°) = Homy, (E,,, V).

Proof. For every good root «, the reflection s, stabilizes 6. Indeed the Weyl
group of the good co-roots is a (normal) subgroup of the stabilizer of 4. O

Lemma 9. If a is good for d, then
Homy (Ey, V°) = @ Homay (¢2n + ¢—2n, V7).
neN

Proof. Let n be any integer and let T be an element of Homp;(E,, V). We
show that the restriction of T" to every “odd isotypic” ¢ay1 is trivial.
Pick v in ¢9,41, then

T(v) = d(ma)T(p(mg ")) = 8(ma) T(X2n+1(mg o) = =T(v)
—_—— ——
+1Id —em(2nt1)igy—_q
so T'(v) must be equal to zero. O

The domain and codomain of R, (s, 7) are now understood.
We already know that

(RIL(SOH ’Y)T) |¢:{:2n: Can T |¢:E277,
for all T in Homps (€D,,c7, #2n, V?°), and all n > 0. So the action of R, (sqa, ) is
given by:

T |¢7—4 T |¢—2 T ‘¢0 T |¢+2 T |¢+4
J +cq +c2 J +co \ +c2 +c4
...... .—. ' % . e e e e

Ru(sa)T ‘¢74 Ru(sa)T |¢72 Ru(sa)T |¢o Ru(sa)T ‘¢+2 RM(Sa)T |¢+4

It is clear from this picture that R, (S, v) preserves the decomposition of
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Hom s (E,, V?) in M K°-invariant subspaces:

Hom  (E,, V°) = @D Homyy (¢2n + ¢—2n, V7).
neN

More precisely, R, (s, 7) acts on Homps (¢, + ¢—2n, V) as scalar multiplica-
tion by
(27— 1) — (A, Va))

TP (5D (A Va))

Can

for all n > 0, and it acts on Homs (¢, V?) as scalar multiplication D.

We can normalize the intertwining operator so that it takes the value +1 on the
lowest K-type. This corresponds to dividing R, (sa, 7) by D.®

The normalized operator acts trivially on Homp(¢o, V?), and it acts on each
subspace Hom s (¢2, + 2., V°) by the scalar d,,:

Homps (¢, V®)  Homps(d2 + ¢—2,V®)  Hom(¢a + ¢—a,V?)

. ' ‘ ' ......
LRy (5a,7) : Jl {@ {dél jdé;
° ® ® ® -

Homps (¢, V®)  Homps(d2 + ¢—2,V?®)  Homps(pa + ¢—a, V?)

We have set dy = 1 and

I, (27— 1) — (A, V)
T, (27— 1) + (v, Va))

Jj=

dQn =

for all n > 1.

E.2.2 The operator R,(s,, 7) for a simple and bad

When « is a bad root, the reflection s, does not necessarily stabilize . Hence
the operator R, (sq, 7) may fail to be an endomorphism of Hom;(E,,, Vo).
Moreover, the decomposition of Homps (E,,, V%) in M K®-stable subspaces in-
volves only odd characters.

We give the details in the next two lemmas.

Lemma 10. The reflection s, may fail to stabilize § when « is a bad root.

Proof. Suppose that there exists a positive root 3 for which the Cartan integer
(o, VB) is odd. Then

1 PREIC VN

- — 2 _
On MpOa = MpiNa =mgMmg

8The constant D is real and positive, so this normalization does not affect the signature.
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and

(30 - 8)(mp) = 8(05 'mpoa) = 8(mgma) = 6(mp) §(ma) = ~6(my).
—1Id

O

Remark 11. For classical split groups, the reflection s, across a bad root is
in the stabilizer of 0 if and only if there are no positive roots (3 for which the
Cartan integer («, ¥ 3) is odd.

Proof. If G is a classical split group, then M is abelian and is generated by all
the elements mg = exp(mZg). So s, stabilizes ¢ if and only if

(s - 0)(mp) = 6(mp)
for every positive root 8. Because

1 _(_1y(e, V)
(50 - 0)(mg) = 805 ' mgoq) = 5(mﬁmé[1 R ])

we only need
11— (—1)fe VB
I A . )
When (o, V) is even, this condition is automatically satisfied because m? is
the identity of M and 6(e) = +Id. When («, V3) is odd, this condition always
fails because §(mg) = —Id. O

Ezample: let G be SL(2) and let § be the sign representation of M. The

root a = €; — €3 is a bad root for § (because m,, = diag(—1, —1)). There are no
other positive roots, and in particular there are no positive roots 3 for which
the Cartan integer (o, ¥3) is odd. Hence s, to stabilize 6.
Now let G be SL(3) and let 6 be the representation of M that picks up the first
diagonal entry of an element of M. The root o = €1 — €5 is a bad root for §
(because mq = diag(—1, —1, +1) so 6(mq) = —1). We notice that the Cartan
integer (€1 — €2, €1 — €3) = +1 is odd, so s, does not stabilize 4.

Lemma 11. If « is bad for §, then

Homy;(E,, V°) = @HomM(¢2n+1 + ¢on_1, V°).
neN

Proof. We prove that for all T' of Homps (E,, |a, V°) and all n in Z, the restric-
tion of T to the “even isotypic” ¢a,, is trivial.
Pick v in ¢, then

T(v) = §(ma)T(u(my " )v) = 6(ma) T x2n(my)v) = =T(v)

-1 —em(2n)iy—ty

so T'(v) must be zero. O
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Now we discuss the action of the operator
R,(Sa, 7): Homp(E,, V°) — Homyp(E,, V).

Because
(Ru(sou V)T) |¢j:(2n+l): + con1 T |¢:t(2n+1)

for all 7' in Homy(E,, V?), and all n > 0, we obtain the following picture:

T |¢73 T |¢>71 T |¢+1 T |¢+3
...... ‘ ‘ ‘ . PR

{ —C3 l —C1 } +c1 l +cs3
...... ‘ ' ’ . DR

Ru(a)T o5 Ru(sa)T s Rulsa)T oy, Bu(sa)T o

We notice that R, (s, ) preserves the MK “-invariant subspaces, and it
carries

Hom s (¢2nt1 + ¢—2n-1, V°) — Homps (dani1 + ¢_on_1, Vo0).

If T belongs to Homps(¢oni1 + ¢—2n—1, V?), its image via R, (sa, ) is the
mapping

Gont1 + P—an—1 — V>0 (04 4+ v_) — conpr T(vg — vo). (E.2)
It is interesting to compare the action of R,,(sq, ) with that one of the operator
W, : Homy, (Eu, V5) — Hom, (EM, Vs“"s) , S+ Sopu(orh)

considered in section (F.1).
For all n > 0, and all T in Homps(¢2n11 + ¢—2n_1, V?), we have

U T(vy + v_) = —i(-1)"T(vy — v_)
SO we can write

R/L(Som "Y) ‘HomM(¢2n+1+¢,2n,1, Ve = i(fl)n62n+1\1’a-

1

The composition R, (sq, 7)o (¥a) " is an endomorphism of Hom (Em V‘S).

It acts on each Hom), (¢2n+1 + O (2n+1)s V‘S) as scalar multiplication by

i(—l)nCQr,LJ,_l = (—l)n(ZD/)d2n+1
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. —im T'(A)

e . ”» .
The constant iD’ = ywsasur sy )35 is real and positive, and the normalized

operator
Ru(8a, 7) 0 (To)~!
D’

acts by:

Homps(¢1 + ¢—1,V?)  Hompr(ds + ¢—3,V%)  Hom(gs + d—s5,V?)

. . . .
-1
. . . .

Homps(¢1 + ¢—1,V®)  Homas(¢s + ¢—3,V?®)  Homps(¢s + d—5, V)

Finally, we recall that d; = 1 and

d _(2—)\)(4—)\)---(271—)\)
TR N A+ A - (2n+ A)

for all n > 1.

Remark 12. The operator (¥,,) is defined up to a minus sign, but the compo-
sition (W) "' o R, (sa, ) is not affected by this choice.

Proof. By definition, o, = exp (gZa) = exp (g(Ea —|—¢9Ea)). As noticed in
section (E.1) there is an ambiguity of sign in the choice of E,. This implies
that o, is defined up to inverse and ¥, up to a minus sign.

We notice that replacing o, with o, ! has also the effect of switching ¢a,41
with ¢_o,-1, and copy1 With c_9p—1 = —cony1. It follows that the operator

Bulso:1)o0a) ™ gtif] acts by (—1)"dan 1 on Homys (¢ani1 + 6—(znsry, V0). O

E.3 The operator R,(s,, 7) on petite K-types

For an explicit example, see section (F.3).
When the K-type p is petite, the restriction of p to the SO(2)-subgroup attached
to a can only include the characters 0, +1, +2, +3. Therefore

Homs (¢—2 + ¢o + ¢a2, V?) if o is good for &

H E, V%) =
omys (B, ) {HomM(¢—3 + 1+ b1 + b3, V5) if o is bad for §.

We analyze the two cases separately.
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If « is good - - -

If « is a good root for 4, the operator R, (sq, 7) is an endomorphism of
Hom (B, |a, V°®) = Hompy (do, V?) @ Homps(d—o + ¢ya, V). (E.3)

It acts on Hom s (¢g, V?) by D, and on Hom s (¢_o+¢ 42, VO) by Ddo=D %

Let U# be the representation of the Weyl group of the good co-roots W(? on (E

defined by ([o] - T)(v) = T(u(oc~1)v).

The reflection s, = [04] belongs to WY, so it acts on Homp(E,,, V?). We have:
Hom;(¢o, V) = the (41)-eigenspace of s,

Homps(¢—2 + ¢42, V‘S) = the (—1)-eigenspace of s,.

Therefore, we obtain the following picture:

Homp(¢o,V?®)  Homps(¢2 + ¢—2,V?) /@4\4%—47 Ve
° ° ° o
J ! \ Ve

@ L 2
Homay(¢o,V?®)  Homps (g2 + ¢—2,V?)
f )
+1 eigenspace —1 eigenspace

of UH(sa) of UH(sa).

We can write:

1 +1 on the (+1)-eigenspace of U#(s,)
£y NONIES

0 Va) On the (—1)-eigenspace of ¥#(s,).

Remark 13. When pu is petite and o is good, the operator R,(sq, ) can be
defined in terms of the representation V" of W{ on the space Homp(E, |m
V).

There is no need to know the decomposition of p in irreducible representations

of K« ~ SO(2).

If o is bad ---

If « is a bad root for §, then

Hom; (E,,, V) = Homps (1 + ¢—1, V°) + Hompy (¢35 + ¢_3, V?)
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and of course
HOmM(EH, VS"'&) = HOHlM((bl +¢_1, Vso‘lé) + HOmM(d)g + ¢_3, VSQ‘J).

The normalized operator w acts on Homps (¢ +¢_1, V?) as d; U = ¥

1 _
o Bu(sa,7) T =0a T =Topu(o")
and on Hom /(43 + ¢_3, V°) as the operator —dz¥:

1

o Ru(say7) T =—d3V,, - T = —dsT o p(a;t).

Homps(¢1 + ¢—1,V?)  Hompr(ds + ¢—3,V®)  Homkds + ¢,4,V?)

[ @ @
Sl { +dip(os") } ~dsp(oa") /l
[ &

Homps(¢1 + ¢—1,V?)  Homps(ds + ¢—3,V?)

The representation ¥* of W on Hom (E,,, V%) extends to a representation
Ur of W0 on the same space:

Whfo] T =Topu(o™")

for all 7' in Homp (E,,, V?).
If s, belongs to the stabilizer of §, we can interpret the operator R, (sq, 7v) in
terms of this Weyl group representation:

1 —
= Rylsa, 1) = Bh(sq)

(as noticed in section (E.1) there is an ambiguity of sign. The choice of this
sign is independent of v and ).
If s, does not belong to W?, then there is no similar interpretation.

Remark 14. If u has level 3, we still need to know the decomposition of p in
irreducible representations of K¢ ~ S0O(2).%
If 1 has level at most 2, then we can construct R, (sq, ) only in terms of the

representation 12 of W° on the Hom s (E,, Vo).

9The (4i)-eigenspace of (o) is the union of ¢1 and ¢_3.
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E.3.1 The operator R,(s,, 7) on K-types of level at most
two

If the K-type p has level two, the restriction of u to the SO(2)-subgroup at-
tached to « can only include the characters 0, 1, +2. Therefore

Hom s (¢, V?) + Homps (¢ + ¢_2, V) if a is good for &

Homy (E,, V?) =
By ) {HomM((b_l + ¢1, VO) if « is bad for 4.
For every simple root « such that s, belongs to V W, we can define the operator
R,.(84, ) only in terms of the representation W of W° on Hom s (E,, V°):

R, (5q,7) = (—iD')WH(s,) is a is bad, and

R ) = D on the (+1)-eigenspace of U (sg)
uider V)= D% on the (—1)-eigenspace of U¥(sg)

if o is good.

E.3.2 The operator R,(s,, 7) on fine K-types

Finally, we discuss the case in which the K-type p is fine.
The restriction of p to the SO(2)-subgroup attached to « can only include the
characters 0, £1. Therefore

Hom s (g, V) if a is good for ¢

H E,, V%) =
omas (B ) {HomM((b_l + ¢1, V®) if o is bad for 4.

When « is good, the operator R, (sq, 7) is a scalar operator, equal to D. We no-

tice that the operator W# (s, ) is trivial. So we can write: R, (sq, v) = D\i/\//‘(sa).
When « is bad and the root reflection s, stabilizes J, the operator R, (Sq, 7)

acts as —iD'Wk(s,).

Remark 15. If u is fine, the operator R, (sq, v) is a multiple of ‘i/v“(sa), for
every root a such that s, is in the stabilizer of §.

Corollary. R, (w, v) is a multiple of \i/\l/*(w) = u(o,t), when w belongs to the
stabilizer of §.

One final remark. If #R, > #R,(v), then there is at least one Langlands
quotient that contains more than one fine K-type. The operator R, (w, v) may
separate the two fine K-types or act with the same sign. Only in the latter case
we can hope for unitarity.

To conclude the section, we give example of these two possible behaviors.

1. Consider the minimal principal series for SL(2) induced from the sign
representation, with parameter v = ae; — aeq, a > 0.
There are two lowest K-types, x1 and x_1, and indeed the R-group R;s



64 APPENDIX E. THE OPERATOR R,,(S., 7)

has cardinality two.'®© These K-types lie in the same Langlands quotient
(Rs(v) is trivial). We also notice that the element w is the reflection
through the (unique positive) root and it belongs to W?, so we are in the
right setting. w acts by +7 on x; and by —¢ on x_1, so it separates the
two fine K-types, and there is no hope for unitarity.

2. Consider the minimal principal series for SL(4) induced from the repre-
sentation § = 02 3 of M, with parameter v = ae; + beg — beg — aey, with
a > b > 0.! There are two fine representations of SO(4) containing 4,
11 4 19 and 1, — 109, and indeed the R-group Rj has cardinality two.!3
The two lowest K-types lie in the same Langlands quotient, because Rs(v)
is trivial.!* The element w = (14)(23) belongs to W}, hence to W?°.
The setting is similar to the one of the previous example, but in this case
the intertwining operator does not separate the two lowest K-types (the
signs are the same).

10There are no good roots, but there is one positive root stabilizing J.
' The notations are the same used in section (3.1).

12They are the two irreducible summands of ~ 2(C?).

13The Weyl group of the good co-roots is

WP = (symm. group on{2,3}) x (symm. groupon {1,4}) =~ Zo x Z

but the stabilizer of § also contains the permutation (12)(34).
14 Because W (v) = W (v) = {Id}.



Appendix F

Non-spherical
representations of SP(4)

F.1 Preliminary remarks

The data for SP(4)
We recall the data for SP(4), mainly to fix the notations:
e G=SP4)={zeGL4): 2T Jz=J}

with J the skew-symmetric matrix J = ( (?T g ) We can also write:
—1I2
G{( é‘ IB; ) :ATC-CTA=0=B"D-DTB; ATD-CTB =1}
T A B .
e g=sp(4)={X egl(4): 2" J+JX =0} ={ c AT )¢ B C symmetric}

0:9—g X+——XT
e K =5SP(4)NSO(4) ~ U(2) via the mapping

(é _C>|—>A+iC

t = {skew-symmetric matrices in g} ~ u(2) via the mapping

< _gT —iT > — A+iC

p = {symmetric matrices in g} = {( Cf'lT —iT ) : A and C are symmetric}

65



66

APPENDIX F. NON-SPHERICAL REPRESENTATIONS OF SP(4)

A O

O —A ) : A is diagonal}

a = maximal abelian subspace in g = {(

A= {( ZO) DO_1 ) : D is diagonal, with positive entries}

M = {( lO) g ) : D is diagonal, with entries +1} ~ Zg x Zo

A(g,a) = {£(e1 £ €2), +2€1, £2e2}. We notice that:

— If a = €1 — €2, then (in the U(2)-picture)

(0 1 1 (-1 0
a7 -1 0 e Me=o 1

If @ = €1 + €3, then

(0 i " /-1 0
Ga=\ _; o0 a Ma=1 0 1

— If & = 2¢q, then

If @ = 2¢5, then

= 10 and Me = 10
de=\ 0 —i =0 -1

For the simple root €; — €5, we find MG ~ SL*(2) and MG*NK ~ O(2)

For the simple root 2e3, we find MG* ~ O(1) x SL(2) and MG* N K ~
O(1) x U(1) (in the U(2)-picture).

Irreducible representations of M

The group M is isomorphic to Zs X Zs, so it has four characters

X a1 0
0o: < 0 a2>r—>1
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. a1 0
- 03: ( 0 a2)|—>a2.

The Weyl group fixes both the trivial representation Jy and the determinant
representation ds, but switches §; and Js.
Irreducible representations of K

In this subsection we describe the reducible representations of K, and their re-
striction to the subgroups M, and K¢ for « simple.

Classification

K = {ae; +bez: a, beZ, a > b}
We notice that ae; + bes has dimension a — b + 1.
€1 is the standard representation;
—e is the dual of the standard representation;
€1 + € is representation \*(C2);
—€1 — € is the dual of A*(C2).
S'®sU(2)

Remark 16. Using the isomorphism U(2) =~ “Tan s we can give another
classification of the irreducible representations of K = U(2):

K ={(m,n):meZ neN andm+n=0(mod2)}

Here m stands for the m' character of S*, and n stands for the irreducible
representation of SU(2) on the space of homogeneous polynomials of degree n.
The tensor product (m,n) has dimension 1-(n+ 1) =n+ 1 and is trivial on
+(1,1) if and only if (=1)™" = +1.

The equivalence between the two classifications is given by:

m-+n m-—-n
(m,n) — 5 € + 5 €2
aey + beg — (a+b,a —b).

Restriction from K to M

( ) oo + ( ) 5 if a and b are both even
Resn(ae1+ber) = § (452 ) + (%52 +1) 6, if a and b are both odd
(e=t1) 5y 4 (2=L+HL) 65 if @ and b have different parity.
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Restriction from K ~ U(2) to O(2)

Recall that (7(2\) = {of, 05} U{0;: 7 > 1}. The notations have been cho-
sen so that

O(2 — O(2 .
Indggg, (o) = of +05 and Indgyh (x;) =0 ¥j > 1.
We have:

of + @D, coen=1..a—p 0j if a and b are both even
Reso)(aertber) = 05 + @, cpenei. ap 0j if @ and b are both odd
D, vad=1..ab T if @ and b have different parity.

Restriction from K ~ U(2) to U(1) x U(1)

Resyyxum(aer +be2) = Y (Xa—k) X (Xosh)-

Fine and petite K-types

Let p be the irreducible representation of U(2) with highest weight ae; + bes.
The eigenvalues of u(iZ,) are

0,£2,...,2(a—b) if @« = €1 £ ey and a — b is even;
+1,43,...,£(a—b) if a =€ €2 and a — b is odd;
b,b+1,...,a if @ = 2¢; or a = 2¢.
Therefore we conclude that aey + bes is fine if and only if
la|<1 |bI<1 |a-0b|<1
and is petite if and only if
lal<3 [b]<3 |a—b|<3.

We obtain the following list:

Level 1 (fine)

0 the trivial representation
€1 the standard representation
—€9 the dual of the standard representation

€146 representation \*(C2)
—e; — €9 the dual of /\2((C2).
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Level 2

€1 — €2 — €1 — 269 261 + €9 2€1 —2€o 2€1 + 2¢9 —2€1 — 2€9.

Level 3

261 — €9 €1 — 262 361 — 362.

F.2 Number of Langlands quotients of Xp(d ®
ae)

Let P = M AN be the minimal parabolic subgroup introduced in section F.1
and let v be weakly dominant character of A:

v=ae; a>0.

For every non trivial representation § of M, we discuss the number of Langlands
quotients of the principal series Xp(J ® aeq).

The representation d; of M is included in two fine K-types (e; and —es), so
Xp(61 ® v) contains two lowest K-types. To understand whether they belong
to the same Langlands quotient, we look at the group Ry, (v).
The only positive root that is good for d; is 2¢3, so ng = {Id, sac,} = Zo,
while

I/V(sl = {Id, S2¢15 S2eq5 S2¢; -8262} = Z2 X ZQ.

The R-group Rs, = W/ VV501 has order two, as expected.
To find Rs, (v), we look for elements of W§ and Wt that stabilize v:

W (v) = W (v) = {Id, sac, }.

The R-group Ry, (v) = W (v)/Wg (v) is trivial, hence there is a unique Lang-
lands quotient.

Next, we consider the principal series Xp(d3 ® aey). There are two lowest K-
types, because there are exactly two fine K-types containing d3 (¢; and —ez).
We have:

W(% ={Id, s3¢,} =72

- W% = {Id, Soc,, 52¢y5 S2¢, * 525} = Lo X Ly
- #Rs, = #(W‘Sg'/W[?B) = 2, as expected

S W) = {1d)

- W (v) = {Id, s2,}



70 APPENDIX F. NON-SPHERICAL REPRESENTATIONS OF SP(4)

- #Rs, (v) = #(W (1) /W, (v)) = 2.

Hence there are two Langlands quotients.

Finally, we look at the principal series Xp(d2 ® ac1). There are two lowest K-
types, because there are exactly two fine K-types containing dy (+(e1 + €2)).
The good roots for d2 are (€1 + €2) and £(e; — €3). We have:

0 _ —
- W62 - {Id7 Seitezr Ser—eny Serten '561*62} =Zy X Zs

- W% =W (order 8)

#Rs, = #(W? /W(%) = 2, as expected
- W, (v) = {Id}
- W (v) = {Id, s2.,}
- #Rs, (v) = # (W2 (v) /W5, (v)) = 2.
Again, there are two Langlands quotients.

To motivate these results, we give a different argument for computing the num-
ber of Langlands quotient of Xp(d ® aeq).

If v = ae; then there is exactly one positive root orthogonal to v, namely
2¢5. Let P = M'A'N' be the parabolic subgroup containing P determined by
v.! By the principle of double induction

Xp(03 @ v) = IndS (03 @ v) = Ind$: (63 @ v1)
where
- 03 = I”dﬁimP:M(Ali)(Nli)(é?’ v |anar)
- vl =v .
Here v |gnpn= 0 and v! = v | 1= v. If we write
M!' = MG?*2 = O(1) x SL(2)
then

- M =0(1) x O(1) (the second copy comes from scalar matrices in SL(2))

I'We have:
- Lie(Pl) = m+ a+ g_2e, ® 2ey D fe; e D Feq—eo © 026,
- Lie(M"') = RHze, © g2¢, © g—2¢, = 51(2)
- Lie(A!) = Ker(2e2)
- Lie(N') = gey4es ® gy —cp @ ¢, -
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- 03 = tr ® sign.
Therefore

63 = (triv.of O(1)) x Indiiflamb. of s1.(2) (8191 © 0).

This representation is reducible, and has two irreducible components.
Hence Xp(d3 ® v) has two Langlands quotients.
Using the same argument, we find that do = sign ® sign hence

. SL .
6% = (szgn Of O(l)) X Indmi'r(f)parab. of SL(2) (Slgn ® 0)
is reducible with two components, while §; = sign ® triv, so
. SL .
5% - (szgn OfO(l)) X Indmir(f)parab. of SL(2) (tT“}' ® 0)

is irreducible.

F.3 Intertwining operators for Xp(d3 ® ae;)

We dedicate this section to the construction of intertwining operators for the
minimal principal series Xp(d3 ® aey).

For brevity, set 03 = § and ae; = v. The element w = sa., stabilizes J; and
carries v into —v, so we have an intertwining operator

Alw, 6,v): Xp(0®v) = Xp(0® —v), F— [z — [ F(awn)dn).
We decompose w as a product of simple reflections:
W= 89¢; = Se;—er52%0S¢i —en
and we look at the corresponding decomposition of the operator A(w, d, v):
A(w, 6, V) = A(Se; —es S2e0Se1—en 05 S2¢ySes—es V)OA(S2¢55 Sei—en0y Sey—es V)OA(Se; —ens O, V).
Because d3 = ¢ and ae; = v, we get:
Aw, §, V) = A(Se;—eys 01, —a€2) 0 A(S2¢,, 01, a€2) 0 A(Se,—c,, 03, a€y).
We notice that

o A(Se;—cy, 03, a€1): Xp(d3 ® ae1) — Xp(d1 ® aez)
[ ] A(SQCQ, 51, 062)2 Xp(51 X QEQ) — Xp(51 ® —062)

o A(Se;—ey, 01, —a€2): Xp(01 @ —aez) — Xp(d3 ® —aeq).
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For every K-type 1, we obtain an operator
R, (w, 3, aer): Homys(E,, V) — Homy (E,,, V%) (F.1)
that factorizes as the product of three factors:

® R, (Sei—eys 03, a€r): Hompr(E,, Vos) — Hom s (E,, Vo)

o R, (S2¢,, 01, aez): Homps(E,, Vo) — Hom (E,,, Vo)

® R,(Sc;—cy, 01, —aez): Homp (E,, V‘51) — Homps (E,, V53).
We need to construct the intertwining operator (F.1) for every petite K-type p.
It is convenient to work simultaneously with?

R, (w, 61, aer): Homp (E,, Vo) — Hom (E,, Vo)
because each factor of the operator
R#(w, 61, ael) @ R#(w, 51, a63)

is an endomorphism of Homy(E,, Vo) @ Hom (E,, Vo).

Remark 17. At the moment we are looking at operators defined on the full
principal series. Later we will worry about how the various K -types split between
the two Langlands quotients.

H=€

The irreducible representation of U(2) with highest weight ¢, is the standard
representation, and has dimension two. In order to compute the various factors
of the intertwining operator, we need to know the restriction of u to M and to
the SO(2)-subgroups attached to the simple roots.

Explicit description of p

There exists a basis {z, y} of E, with the following properties:

2This operator factorizes as the product of three factors:
® R, (Se;—ey, 01, aer): Homps (E,, Vo) — Homps (Ey, Vos)

o R, (S2¢y, 03, aez): Homps(E,, V?3) — Homp(E,, V%)

o Ru(Sey—eo, 03, —ae2): Homps(Ey, V98) — Homps (E,, Vo).
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- w =1 + 83, with V,(6;) = Cz and V,,(d3) = Cy
- plga-e=x-1+x1 and Vi(xa) = Cla +iy) and V,(x-1) = Cla — iy)

- W2 =&o + &1, and V(&) = Cz and V(&) = C(y).

We choose the basis T': ax + by — a in Homp(E,, V°'), and T': ax + by — b
in Hom s (E,,, V). Notice that T'=T" o p(o ", ).

The various factors: - -

Having set the notations, we describe the action of the various factors:

o 0
- Ru(sel—eza 61; a61) @Ru(sel—@) 537 a€1) - ( _Cl 01 )

C 0
- Ry(sa, By 062)© Ry(on rcae) = ()

o 0
- Ru(sel—eza 63; —CLEg) S RH(S€1—€27 617 _a€2) = ( _Cl 01 ) .
This gives:
R#(w, 51, CLEl) @R#(w, 53, CLEl) = 012 < z%’l —%0 > .

We have set:?

m(a)
RREEHCONES
o - wI'(a)

B = —€

The irreducible representation of U(2) with highest weight —es is the dual of
the standard representation, and has dimension two.

Explicit description of p

There exists a basis {x, y} of E, with the following properties:

3To compute these constants, we must know that:
- (ae1, V(e1 —€2)) =a
- (aez, V(2e2)) = a

- (—aez, V(e1 —€2)) =a
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- i |p= 01 + 03, with V,(61) = Cy and V,(d3) = Cz
- W gea—e=Xx-1+x1, and V,(x1) = C(zx +iy) and V,(x-1) = C(z —iy)

- | gree= &1 + &0, and V,(§-1) = Cz and V(&) = C(y).

An argument similar to the one used before shows that *

R, (w, 01, aer) ® R, (w, 03, aer) = 012 < _Zocl 7%0 > .

W= 2€1 + €2

The irreducible representation of U(2) with highest weight 2¢; + €3 has dimen-
sion two.

Explicit description of

There exists a basis {z, y} of E, with the following properties:
- MU ‘M: (51 + 53, with V#((Sl) = (Cy and V#((sg) = (C.’E

- W gea—ea=Xx-1+x1, and V,(x1) = C(z +ty) and V,(x-1) = C(z —iy)

- k2= & 4+ &2, and V(&) = Cx and V(&) = C(y).

Then we get®

Rﬂ(w’ 617 Cl€1) SY Ru(w, 53, a,el) = 012 ( +lcl 0 )

0 —Coiz2
U= —€1 — 2€

This the dual of the previous representation.

Explicit description of p

There exists a basis {z, y} of E, with the following properties:

- =01 + 03, with V,(6;) = Cz and V,(d3) = Cy

4This matrix is with respect to the basis {T’, T}. We have inverted the basis elements,
because we want to get an endomorphism of Homps(E,, V1) + Hom )y (E#,V‘S3), with &1
coming first.

5Again with respect to the basis {7”, T'}.
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- W lga-eo=x-1+Xx1, and V,(x1) = C(z +iy) and V,(x-1) = C(x —iy)

- W lgree=E 2+ &1, and V,(§-2) = Cz and V,(-1) = C(y).

Then we get®

—iCh 0
R, (w, 61, ae1) ® R, (w, 03, ae 02( ’ a>.
p(w, 61, aer) ® Ry (w, 83, aer) = Cf 0 —Cylz

Remark 18. An explicit computation shows that, when looking at petite K-
types for detecting unitarity, it is enough to stop at level 2. Indeed, the petite
K-types of level 3 do not give rise to any additional restriction on the values of
the parameters.

Therefore we omit the construction for the intertwining operators corresponding
to =26 —ey =61 — 2, = 3€1 and p = —3e€a.

F.4 The Langlands quotients of Xp(d3 ® ae;)

In this section, we discuss the unitarity of the Langlands quotients of Xp(d5 ®
a&l).

In section (F.2) we have proved that the minimal principal series
Xp (83 @ aer) = Indg_yran (03 @ v) = IndGs _pp g1y (53 © V)
is reducible. We can write:
- M= MG?*2 =0(1) x SL(2)
- M=0(1)x0(1)c M*
- 03 = tr ® sign.
- 0y = IndM, (83 @ v | aman) = Ind (85 ©0) =

= (triv.of O()) x Indoi®) 1 o o (sign ®0) = (53)4 + (03)_.

We obtain:”
Xp(03 @ aer) = Ind$S, ((63) 4+ @ v') 4+ IndG: ((63)- @ ).

The easiest way to distinguish between these two summands is to look at the
action of the SO(2)-subgroup attached to 2e: the first summand contains every
K-type whose restriction to K2 includes a positive odd character, the second
summand contains every K-type whose restriction to K2 includes a negative

6With respect to the basis {T, T"}.
"This may not be a decomposition in irreducible subspaces. The intertwining operator A
can in fact have a Kernel.
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odd character.®

Next we describe the petite K-types included in each summand.
By Frobenious reciprocity, the multiplicity of p in Resk (Xp(d3 ® aer)) equals
the multiplicity of d5 in Resps(u). It is easy to check that:

- Resp(0) = b
(e1) = Respr(—e2) = 1 + 03
- Respr(e1 + €2) = Respr(—€1 — €2) = 6
(61 — €2) = 8o + 252
(261 + €2) = Respr(—€1 — 2e2) = 61 + 03
- Resp(2€1) = Resp(—2€2) = 25 + 62
- Respr(2€1 + 2€2) = Respr(—2e1 — 2e3) = g
(2¢1 — €2) = Respr(€1 — 2€2) = 201 + 203
(

- Resp(3€1) = Respr(—3ea) = 251 + 255.

So Xp(d3 ® aey) contains one copy of €1, —€a, 2€1 + €2 —e; — 2¢e9, and two copies
of 261 — €9, €1 — 2¢9, 3€1, —3€e2. We can say more:

° Indg1 ((63)+ ® v1) contains one copy of €1, 21 + €2, 261 — €2, €1 — 2€a, and
two copies of 3e;.

° Indlcf,1 ((63)+ ®v!') contains one copy of —eg, —€1 — 262, 261 — €a, €1 — 2e2,
and two copies of —3e,.

The corresponding Langlands quotients

_ IndS, ((84) 1 @uvh)
o Xp(d3®ac1)y = —LFgig——

= IndS, ((53)_ov!
o Xp(63®ae)_ = e ISE)

are unitary only if the intertwining operator R,(w, 03, ae;) is semi-definite for

every petite K-type included in the quotient, that has level two or less.

More explicitly:

e Xp(d3® aer)y is unitary only if R, (w, 03, ae) is semi-definite for p = €;
and 2¢; + €s.

e Xp(d3®aey)_ is unitary only if R, (w, 03, aey) is semi-definite for = —ey
and —e; — 2¢s.

8The restriction of a K-type pu to K2¢2 contains both even and odd characters. Look at
the odd ones: if they are all negative, u belongs only to Indgl(((%)_ ® vl); if they are all
positive, p belongs only to Indgl ((5§)+ ® 1/1); if some are positive and some are negative, p
belongs to both summands.
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R, (w, 03, ae1)

The normalized operator =g gz acts by +1 on the fine K-types ¢; and
1
—é€9, and it acts by % on 2¢1 + €9 and —e; — 2¢s.

Therefore, the two Langlands quotients are unitary if and only if 0 < a < 1.



